THE STR‘UCTUEE JPACE AND 1DEAL CENTRL Or A BANACH LATTICE
A. W, WICKSTEAD

A Bandc‘n lattice is a Banach space E equlpped with a part;_al order "2V

't.éitntheproper'tleS,

(L xzy=>#+zzy+2 (%, ¥, 2 € E)

(2) x2y, A eR =>x2)Ny (x, v € E)

(3) Mypairx,yeEhasé.leastxmperbmmdxvyand_agreatest
lower bound X A Y. '

(4) x, y-e E ad |x] = |y| together imply HXH

A

Hytl (where

x| = x v (=x)).

1

The order is cdnpletely determined by the sct B, = {x € E:x20}as

:.»yrifandonlyifx-yeE_’.

Examples (1) IrzlsalocnllycanpactﬂausdorffSpaceandC(z)theapac

of all continuous real valued. functions on ¢ which “vanish at infimty” thw'

Co(z) is a Banach space for the supremum noym. If we define x 2 y to mean
" %(o) = y(o) for all o € T then C_(£) becomes a Banach lattice.

(2) If p is a Radon measure on the locally compact Hausdorff space S
the Banach spaces Lp(u) (1 sp s =) can be uade:.n-to Banach lattlces by

defining x. 2 y to mean x(s) 2 y(s) except on & io_cally ue-mi.]. set.

Alme.arsubspaceJofaBaxacnlattJ.ccE:.sanldeallfer,yeE‘.
and |y] < |x| imply y € J. With the inherited norm and order a closed ide:
is a Banach lattice. Soalso;sﬂleqmﬂentE/JMglverlthecorhep(L+g
where p : E + E/J is the cammcal qmtlentnap. -E.g.:.fE-Co(z)ande
'closed'subsetofEﬁmJJ'{feE:flxsoliiéaclosedidealaz;iE/J
may be identified with C (10 |

A topo]gg{:cal arder uhit (t.0.u.) for a Banach lattice E is an element

e ¢ E, such that thesma}.lest closed ideal in E containing e is the whole of -

E. E.g. if E= IP(n) (1 s p « =) then E has a t.o.u. if and only if I 3s

o-finite, and any function which is strictly positive almost everywherc is a .t
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If.E'z CO(;) then E'has a t.o.u.'if and only if I is g~compact ,
and any”sfrictly positive.functiOn:is a t.o.u. If E'ﬁas a t.o.u.
and J is & closed ideal in E then E/J has a t.o.u. but J need not
have.
Banach lattices with t.o.u.'s are very nice to handlé, mainly -
becausc of the representation theorem of Davies 8] and Lotz
(see [18), Theorem III.4.5). In general Banach lattices need
have no maximal ideals. ' For many of our purposes it suffices te
existence of

suppoese thg(many closed ideals for which the quotient hau a t.o.u.

To be precise we call E semi-simple if for €ach & ¢ E, \{0} tnere

is a closed ideal J such that E/fJ has a t.o.u. and p(e} # 0, whoro
p : E + E/J is the canonical progectlon. The author knows of no
example of a Banach lattice which is not semi-simple. An ideal

in a semi-simple Bahach lattice is semi-simple. If all quatientc
of a Banach lattice are semi-simple we term it simple. |

A Banach lattice E 1s an Al-space if x, y ¢ E, implies

[ix+yil| = i|2l| + |lyll, and is an AM-space if x, y € E, implies
[z v yll = bixl} v 1lyli. AlL-space, AM-spaces and Banach

lattices with a t.o.u. are all simple.
, % -
The Banach dual of the Banach lattice E, L, ordered by £ 2 ¢
if and cnly if f(x) 2z g(x) (% ¢ E.) iz also a Banacﬁ lattice.

We say the net (x } is directed downward to O lf Y- ey o=

x, < %, and inf {xY} = 0. E* is the subspace of 11near functionals

f in E%* such that f(xy) + 0 whenever;(xY) is dlreCted downward to

0. The norm in E is order continuous if !}xyt! + O whenever ()

is directed downward to 0; this is equivalent to E* = .

A Banach lattice E is Dedekind (g~) complete if every

(countable) set A ¢ E which has an. upper bound has a ledst upper
bound. The spaces Lgﬁgl are Dedekind complete, Co(z) is Dedckind

complete if and only if 7 is extremally disconnected.
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THE IDEAL CENTRE

The ideal centre of a Banach lattice E, Z(E), consists of
linear ' : :

alleperators T on E.forlwhich there 15 A 2z 0 with -axx = Tx £ ax
for all x ¢ E_,. It is easy to check that Z(E) is an algebra of
bounded' linear operators on E. Z(E) may be ordered by defining
S 2 T to mean Sx 2 Tx for all x ¢ E_. Z(E) certainly contains
the band projections,‘i.e. fhose linear operators F on E Qith
0 ¢<P = P2 < I, but is generally much larger than the closed
algebra they generate. _

There is a compact Hausdorff space o and an isometric élgebéa
isomorphism of Z(E)} with the cerator norn onto c{a), the space
of all continuous rcal valued functibné on 9 , with the supremum
norm. In particular Z(E) is abelian and a lattice. o
ExamEles. (1) The elements of Z(Co(fJ) are precisely the operators
of the form f + f.¢ where ¢ is a fixed bounded continuous function
on I .

(2) Z(Lp(u)) is the algebra of multiplication pointwise

locally u-almost everywhere by L™ (u) functions.

In many ways the structure of Z(E) is simplef than that of
E itsekf, and it also has the added strugture of an algebra.
In spite of the simplification Z(E) does sometimes retain a lot
of information about E. For example if E has a t.o.u. then E
is Dedekind (o-) complete 1f and only if Z(E) is.

For general Archimedean vector 1&ttices some rather larger
algebras of operatﬁrs have been studied. §(E) is the set of all

linear operators T on E for which for each x e¢ E_ there is A 2 C

with -A x < TxX s A x. A positive orthomorphism is a positive
lincar operator on E such that x A y £ 0 implies Tx A y = O
(x, y € E;). P(E) is the space of all differences of positive

orthomorphisms on E. Both S(E) and P(E) are abelian lattice

YT |




ZHo _
ordered algebras. Clearly Z{E?‘E S(E) < P(E) and in general both
_inclusions can be proPéra P(E) and S(E) have been studied in

{41, [51, [7], £21] and [231.

 Proposition {21]. If E isra Banach lattice then Z(E) = S(E) = P(E).

Another characterisation of Z(E) that is of use in the proof

of later results is:

Propositioh..([19],.Thedrem 5.2). A linear operator T on E lies

in Z(E) if and enly if it is norm bounded and leaves every closed

ideal in £ invariant.

' REPRESENTING THE IDEAL CENTRE

Wz know that Z(E) is-isomorphip to sbﬁe space of functions,
tut as yet we have no concrete space on which these functions arc
defined nor any idea of how the elements 6f Z(E) act on E.

Suppose E is on AM—space’{hen there afe'sufficiently.many
one dimensional ideals in E? that theit weak* closed linear span
is the whole of E%, We let Afﬁ#)‘déﬁofe the set of all Qneldimensionsi
ideals in E¥%, 8¢E*} may be topalogised by taking for thé closed
sets in A(E%) the sets of the form {L & ME*) : L ¢ F) for ¥ varying
over the wedk® cidséd ideals in E*. Wils ([22], Theorem 2.8) has
proved that Z(E) may be identified with thg space of bounded recal
.lleuLd functions. on A(E*) which are continuous for this topology,

c? {A(E )). The correspondence is such that if T e Z(E) coyresponds
to ¢ € cP(a(E*)) then

£(Tx) = ('f) f(x)
whenever x ¢ E and f. lles in a ope-dimensional ideal in E*,

In general E¥* need have no one-dlmensional ideals so there is
10 hope of generallsing this result as it stands. A one-dimensional

_ldeal in B* determines the famlly of all weak* closed ideals of If




ﬁhich contain it. This family is maximal with respect to the
property that finite intersections of its members are non-zero.
Even for AM-space there will, in general, be other Suéh families
not determined by one~dimensional ideals. We use these families

as a substitute for the missing'one-diménsional ideals.-

Definition. The structure space of the Banach lattice E, M(E),

is the set of all families F of weak® closed ideals in E* which
are nax1mal w1th respect to the propcrty tnat finite intersections
of members of F are not {0}. M(E) 1stopologlsed by taking as a
‘base for the closed sets the sets Y = (F e M(E) : G ¢ F} where G

ranges over the weak¥ closed ideals oI E*,

M(E)y is a compact T, gpace. For CO(Z) there is a naturgl
COrTes pondence between weak* closed ideals in Cs (L)# and "closad
subsets of z, 50 M(C (B)) is homuomorbhlc to the Wallman
compactification of Z(ElBJ, FProblem S5R). Th1= is Hausdorff if
and only if I is normal, &0 M(E) is not always Hausdorff. ”If E
has a t.o.u. there is an alternative descrlptlon of M(E) wnlbh Si0oWS
that M(E) is Hausdorff in that case (sece [8])., If J is a CIOSud
ideal in E gnd M(E) is ﬁausdorff then M(E/J) is Hausdorff% but
M(J) necd not be. | |

If L e A(E*)'then p(L) = {F = F is a wgak* closcd ideal in E®,
‘L < F} € M(E). It is easily verified that p is a honeomorphlam oF

A{E*) into M(E).

| Proéos*tion. ([19], Proposition 4.3) For a Banach lattice L the

foll owlng are equlvalent

(1) -p(b(E*)) z h(E)
weaks

(2) E* is thq/closedwllnear span of its one- dlmen5¢onal ideals

~
and A(E®) is compact.

(3) E is homeomorphlcally order 1somorph1c to C(P(P))
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- The structure space gives us a useful representation of Z(E),

at least when E is semi-simple.

Theorem. ({19], Theoprem H.W [9},.Corollary 3. 5) Let E be a

seml—glmple Banach lattlce. There ;s an Lsometrlc ordey and

' algebra 1¢omorpnlsn T > 7" of L(E) Dnto C(M(E)) ‘such that for F

a weak# closad,ldeal in E* and T € 7{E), T*!F 2 0if and only if
Zl‘?i' z 0. '

{he reasons for studying both the structure spéﬁéﬁéﬁﬁwiﬁéal
ccntre of a Banach lattice at the same time are:

(a) The method used in proofs are often 51mllar.

s

(b) Thc proofs of reQults for the 1deal centre “and ‘structure

g

space are often unterdependent.
-« )”‘Sone results about the ideal centre actually require

condltlons Oﬂ the structure space.

THE SIZE OF THE IDEAL CENTRE

“.; If we are to obtaln 1nformat10n dbout a Banach Jattice

’ through the study of 1;& 1dea1 centre then the ideal centre. will
have to be falrly large. In wnat sense can it be said to be large .
and when can we guarantee that thls occurs°

e e

Daflnltlon.- If X is any Banach space ‘and A an al gebra of bounded

linear operato rs on X then x € X is a cycllc vcctor for A ¥f -

{Tx : T ¢ A}‘is dense in X.

Pr09051t10n. ‘If E 1s a. Banach latt;ce tberé"is'a'CYdlié[véctor

for 7(E) if and only if E has a t.0. u._

1t is of intevest to note that algubras of operators igomety Lo

s~ 0N with cvelic vectors can-only arise In thlS way
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Theorem. ([18]). Let X be a real Banach space and A on algeb?a

zf Zounded linear opérators,on,X‘which,is_isometrically algebra

rsomorphic to some space C(Q). Then X can be given an order

for which it ig a Banach lattice and such that A c Z(X).
Alternative conditions for Z(E) to be large are containzd in -

fnecrca. If E is a Banach lattice satisfying (1) c¢ (2) then

brd -

Z{E) is a maximal Abelian algebra of bounded linear eperators on I,

{1) There is a cimple Banach lattice Eo with Hausdorff

structure space such that E is an ideal in Eo.

(2) E is Dedekind o~complete.

For (1) this is Corollary 3.3 of [20] and for (2) is unpublisi. .

Gmullét'de_Rugy has given an example ([10], Proposition 3.1:%3
of an AM-space G such that the only real valued comtinuous functiocns
on 4(6%) are the constants. It follows from Wils' description |
of Z(6) that it contains only multiples of the identity on G.
Cleariy in such cases we can expect to iecarn nothing of -G from

a{2).

M

s
=i

DEALS , QUOTIENTS AND DUALS

Three important ways of creating new Banach lattices from
3n 0ld one are by forming closed ideals,: quotients by those
idcals and dual spaces. Clearly we would like to know what
naprent to_the,sfrugture space and ideal centre after thése
operations. |

Lt J be a closed ideal in the.Banach.lattice E;' If.r
e Z{E) then TJ < J. It is easily checked that T!J € Z(J). We

can dertine TJ an E/J by.TJ(x + J) = Te+J, then T, e Z{E/J).

J

e
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Propozition. (Unpublished) Let J be a closad ideal in the

Banach lattice E.

(1) If £ is Dedekind completé'{TlJ : T e Z(E))} = Z(J).

(2) If E has a t.o.u. then {TlJ : T e 2(E)} is dense in

7(J) for the strong operator topology.

The density result is not true in gcneral., Take 6 to be the
M-space of Geullet de Rugy and J any closed ideal of G generated

by a single element of G, which is not one-dimensional.

Preposition. (L1891, Propeosition 5.1) If E is a semi_simple‘

Banach lattice with Hausdorff structurc space and J a closad

ideal in B then {7, : T ¢ Z(EY} = Z(E/J).

The conclusion fails if the structure space is not Hausdorff:

:as can be seen by choosing J a closed ideal in G such that
2 s dim(G/J) < =,

If T ¢ Z(E) then its adjoint T# lies in Z(E¥®).

Theorem. ([171, Theorem 5.2). The Banach lattice E has an order

continuous norm if and only if {T%* : T e Z(E)} = Z(E*)..

Wwhon we come to deal with the structure space quotients

béhave much more nicely than ideals.

_Proposition.’([l@]) If J is a closed ideal in the Banach lattice

E, M(E/J) is homeomorphic to the subset (3% of M(E).

Theopem. (L2031, Corollary 3.5) Let E be a semi-simple Banach

lattice, J a closed ideal in E and both E and J have Hausdorfs

structure space. Then M(J) is homeomorphic to the Stone-Cech




actification of HM(E

f
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GENERAL PROPERTIES

0y Z(E)

STRCHC CPERATOR TUPCLOGY
The gtrong operator topelogy on Z(E) is the locally convex
v generated Ly the seml-norms T » ||Tx|| for x ¢ E.  The

Do 1E{Te)) for x e E,
o - R N e ~~—
SEL Y waith the st

that generatsd by the semi-norms

f e E¥. We let ZCE}  (respectively Z{E}u}
5 :

rong {(respectively weak) operator topology.

|
‘

2.1y Z(E)_ 1s a topclogically complate

pi I
LE AT iz a localiy convex space the strong topclogy on (ZT37
Cthe topology of uniform convergencs
; T 4 [ Voogd S o LN T
i denotes “‘T) with this topology.
i-reflexive 1f the evaluation map oF
g refiexive 1f it is aliso &
Comeonorphism.
(L1717 The completion of (Z(E)S[’Sﬂcan be given &
iefines its topology and for which 1t is an Al-spacc.
i ideal in this completion.
e CPERATOR TOPOLOGY ON Z(E)- USE Id CHARACTERICATICNS
In charvacterising various claszes of Banach lattices by means
oFf the iceal centre we must assume the ideal centre is large.
i aasiest assumpticn te make iz that of the exdistence of a T.o.u.

T

L0

witn o t.o,u. the following are cguivalent:
ST oA ) S P N e T B | sd'.: = e ~ }‘- i~ Ty F Y
L) LoAn LomeQnoipildally oraer IIOMOYpLniIc To 4 SO0 i)
P P e g iy s
{2y T{L) . 1s normabls.
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(3) Z(E) is metrizable.

(%) Z(B) is barrellpd.

(S) Z(E), ie of the second categowy in itself.

PropoSition. ([171) 1If E is a Banach lattice with a T.0.u. thas

following are equivalent:

(1) E is finite dimensional.

{2) Z(E)é is reflexive.

Theoprem., If E is a Banach lattice with a t.o.u. the following

are equivalent:

(1) E has an order continuous NOrmM.

(2) Every order interval in E is o(E, E¥*) compact.

(3 If the net (” ) in Z(E) is dirscted dowqaarq to b

then TY + 0O for tnc otwong operator Lopology.

Wy ZE e ES .

(5) Z(E) _3is semi—reflexive.

(6) Every order interval in Z(E) is o(Z (HJL Z(E) ‘i uompact.

(7) Every order interval in Z{E) is compact for thu wauk

operator topology.

{8) Z(E)w is sequentially complete.
The equivalence of (1) to (7) is Theoremn 5.1 of L1711, wnilat

that of (8) has not been published.

Proposition. (Unpublished) If the Banach lattice E eitiicr nas

t.0.u. or is Dedekind ¢ompletc then the following ars aguivaiznt:

(1) Every order interval in E 1s norm compact.
Y ¢

(2) Every ordep interval in Z{(E)} is compact for tuc ©Lroug

operator topology.




SPECIAL SUBSETS OF Z(E) - | _ :

Two subsets of Z{E) are of &pecial intersst, namely the

compact operators in Z(E) and the iscmztries.

R

T

Theorem., ([17], Theovem 4.1} If E is any Banach lattice and

T ¢ Z(E) the following are eguivalent:

(1) T is compaect.

(2) There is f e C, (A(EY)} such tnet for y e« E
Ty '= I (g, {y), where p, 1is the Hand projecticn onto L.~
L L :

Lea(E)
Furthermorc ||T]| is the same as *the supremur. norm of f.

Proposition. ({161, Tnecrem 5 and [171}, Proposition b.23 Tor any

Banach lattice E the following are cquivalont:

(1) The compact operators in Z(E) are dense in Z(¥7 .

(?) E is the closed linear span of its onc dimensional ideals.

(3) Every order interval in E is ncrm compact.

Let I(E) denote the set of isometri-e in Z(Ei. For T e Z{E)

it i easily checked that T ¢ I(E) if and only if [4] = T. It

is also clear that I(E) is a topological group.ior the atrong

operator topology.

Theorem. (Unpublished) If E is a Dedekind complate Banpach lattice

the following are equivalent:

(1) I(E) is compact for the strong operator topology.

'(2) Every order interval in E ie norm compast.

(3) The lincar span of the common eigenvectors of I(E) is

dense in E.




& CATEZORICAL APPROACH

Howadae, s, whenever we have a natural association

)

objcct with another, an algebraist is lixely to ask 1f “he -

1seociation can e made functmrial. This is poszeible beth for

tho ideal centre and the structure space providsd we woik ©a

Trie vorﬂﬂlcmb alTowed from the Banach lattice E into the
zapach Latolce T will be thoee lattice homomorphisms T @ B + F
is duznse in F.o Note tiat
+ is pussible that Hom (E, F) = £. B will denote the cétegory

of all Barach lijti ez with these merphims, -.-1':d'iéfj the full

SutC.E‘”QPfAWhOS; chiects areréemi—simpla Eznach lattices with
Havsdorff strucéurc Space. A
Gowidl diﬁoia +he category of vectcr lattices wath
‘ - Et. =

distinguished order units and order unit preserviing lat

homomorenisms between them. 7 will denote the categoery of

w

compact Hausd rff spaces and continuous maps between Thlidm.

Theopem. ([1731, Theorem 3.1) There iz a unigue cevariant

¢ which asszigns to zach obiset £ in B the

iT
(’_!

functor Z fyrom b -

palr (ZL), I.2 and to cach morphism T : E > F 3 vector lattice

homomorphisn Z2{Ty : Z(E; » Z{F) witn Z(T)I“'=_EF and such that

(7(T)3) o T = T o & for all 3 e Z(E).

3

I-iy

a

¢

The strong operator topclogy appears to have iittle o
vole To nlay here., Ezamples can be given to show that Z(T) need
not he oontinuous, open or ciosed. It must be contimucus on

boanded sets and have & closed graph, but these properiics seom

g
o]
(]
=
1)
b
3
e
l._
.
s
of
=
[
it
1]
e
1) +
jna
r
s
J
8}
W)
Q
("
o
o
Jut
O
k3
ay
i
F
jonl
o]
R
ot
o
£
=3
LV g
[
O
[{M]
7)1

raflect some PYOLQ

F
l




i
!

E. and F be Banach lattices

(L1773, Theorem 23.2)  Let B i
witn topologicas order units < and £ vesposctively and T : E » F ;
' ' ' i
& iatviee homomevehism with Te = £, ?

(i TE is dense in F i and only 1fF Z(T;Z{E) iIs dense in

(L2013, <Corollary 2.2} There is a unique contravariant

functor M rJrom B to 7 which éssigns to cach object E i B its
O o i
stru.tu. space and vo each merphism ¥ 0 T + ¥ a contiaucus wap
H{T) L sKF; » M{E} such that, For each wegk® closed ideal & of E%,
. ¥ K o Y '
IR G2 c

Lot £ and F e objects in 50 and T 3 BE » F & morphism.

10Ty is onto if and only if T is {(1,1)0.

(2% Ir E is simple then MOT) is (3,1} if and oniy if TE is

L7201, Froposition 2.3, th: note thereafter and Proposition 2.4,

[o¥
o
%1
+J
el
F
=
w

L. Are there any Bapach lattices which 2re not semi-cimple?

2. Do Dedekind complete Banach latticec have Hzusderff structure

3. If § is a cloged ideal in the Banach lattice E and both M{(J) o
and E{E!J} are Hausdorff must M{(E) be Hausdorff? %
'#. TF Z(E) is 2 maximal Abelian algebra of bounded Linear operators :
o B s 1iv true that B iz (o-) complete IF anc oniv.if Z(E) 457 ?
5. I8 there z natural map of H(E*) onto M(E)?

& Doseribe Ligli, —Irmmparticular ar- -1 its elemente of the ?
form [ - F{7x)  {x z D, £ ¢ E%)? : : .

=1
H

heve t.o.u.'s and Z{E} ; and Z{¥)_ ars homeomorphically .
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‘order isomorphic}must the same be tfue of E and F?
8, Is it always true that I(E) is compact if and enly if .the
linear span of the common eigenvectors of I(E) is dense in E?

9._ Is Z(T) always continyous for the weak operator tepologies?
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