LINEAR OPERATORS BETWEEN PARTIALLY ORDERED BANACH SPACES
AND SOME RELATED TOPICS

By
Anthony W, Wickstead B.A,

Chelsea College

A thesis submitted for the degree of Doctor of Philosophy

in the University of London, January 1973.



ABSTRACT

1f X is a partially pre-ordered Banach space, with closed
positive wedge, there are various questions of interest about
this wedge. Is it generating? Is it normal? What ordering does
it induce on X? It is possible to deduce some properties of
wedges from other properties of related wedges.

We consider Banach spaces of linear operators between two
such spaces, and define T ) O iff Tx O whenever x ) 0, We
investigate properties of the positive wedge of t.l';ese spaces,
Firstly we look at spaces of all bounded linear operators. If the
range is the reals, then a great deal is known, and a summary of
these results, together with the definitions is given in Chapter I,

In Chapter II we look at the general case., We find conditions
for the wedge to be normal, and certain cases in which it is
generating. We also investigate when the wedgev is one of some
special forms that are of interest, and finally look at the order-
structure of the space. The opportunity is taken to state some
results for projective tensor products. Chapter III deals with
the same problems for spaces of compact operators, generally
with range a simplex space.

We deal with certain categories of partially ordered Banach
spaces in Chapter IV, We determine injective elements in these
categories, and also projective elements in certain categories
of compact convex sets.

Finally we look at the structure of the spaces A(K) in
Chapter V, obtaining a characterisation of the set of facially
continuous functions as the union of all the subalgebras of A(K),
We also generalise the Banach-Stone theorem, and a result on

direct sum decompositions of these spaces.
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Chapter I
Pabtially ordered Banach spaces and their duality

In this chapter we present a brief sumary of the basic
results of the theory of partially ordered Banach spaces. In
the first section we make the basic definitions in the theory
of partially ordered vector spaces, and then study some partially
ordered Banach spaces that arise naturally from these definitions.
The second section will deal with ther duality of the nomality
and generating properties for arbitrary partially ordered
Banach spaces, and the third section with order properties of
some spaces. This deals with both the duality of these properties,
and also with the order properties of some of the special spaces

considered.

1.1l. Definitions and some special spaces.

Let V be a real vector space. A wedge W ih V is a subset -
such that (1) W+W=W , and (2) AWSW for all N¢ Ry (the
non-negative reals), If W also satisfies (3) Wa[=W)= {0} then
it is termed a cone. The wedge W generates V if J=W-—W,

A partial order on a vector space V is a pelation "3 "

between pairs of elements of V satisfying (1') vi» 0 and v22 0
= v+ v, 20, (2') v»0and A€ R, = Av 20} and (3")
v>0 and O0>v => v=0, If the relation "> " satisfies only
(1') and (2') then it is termed a partial preordgring of V.

We write "v§ 0" for "O»v", and in this case terp v negative.
If v20 then we call v positive, Also we write u{}v to mean

u~V>/o.
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The concepts of a partial preordering and of a wedge
are intimately related. If W is a wedge then defining v20
if and only if veW defines a preorder on V . Conversely if
">,;' is a preorder on V then thé set {v: v>0} is a wedge;
and "2 " arises from this wedge in the manner just described,
">" is an ordering if and only if {v: v>,0} is a cone. The
wedge {v : v>,0} is generating if and only if for each ueV,
there is a ve V satisfying v2u,0, We use the term "partially
ordered vector space" interchangeably for a vector space with
a distinguished cone, or with a partial order defined on it.
We shall write V, for the cone of positive elements of V,

V is almost Archimedean if -;\v& ul Av for some v20

and all A > O implies u=0, If u O whenever \ugv for same
v and all A> O, then V is termed Archimedean, If ug{w, and
u,weV, then [u, w] will denote the set {veV : u$v$w} .
Such a set will be termed an order-interval. A subset A of

V is order-bounded if it is contained in some order-interval,

i.e. if there are u,we V such that u{agw for all aeA,
If U and V are partially ordered vector spaces, a

linear operator T mapping U into V is bipositive if TuO

if and only if u20. If T is (1,1) and onto then T is an

order-isomorphism, in which case U and V are order-isomorphic.

If U and V are also normed spaces, and ||Tu|| =|lu|| for a11
u€U, then U and V are isometrically order-isamorphic.

Let V be a partially ordered vector space. If u,veV,
then we V is termed the supremum (in V) of u and v if: |
(a) wlu,v
(b) xeV, xyu,v => x3w.

Such a w will be denoted by uvv. The infimum of u and v is
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defined similarly to be the greatest lower bound for u and v,

and denoted by uav. The positive part of u, ut, is defined

to be uv 0, and the negative part of u, u” , is (~u)v 0, Note

in particular that both u¥ and u~ are positive. The modulus
of u, uv(-u), is denoted by |u|, and satisfies |u|= u*4 u” .

The following lemma is easily verified:

LEMMA 1,1.1. If V is a partially ordered vector space, then the

following are equivalent:

(a) uvv exists for every u,veV

(b) uav exists for every u,ve V

(¢) ut exists for every ue V

(d) u” exists for every ueV

(e) | u| exists for every ueV,

If V satisfies any ( and hence all ) of (a) - (e), then

V is termed a vector lattice. A partially ordered vector space

V is termed o~ -complete if for every countable set { ui} jezh
which is bounded above, i.e. there is veV with v2uy for
i=1,2,..., the supremum exists. V is complete if any subset
that is bounded above has a supremum. Note that we do not require
that V be a lattice, however if V is positively generated and
(o-~)complete then it will be a lattice. Such a V will be termed
a (o-=)complete lattice.

Two other properties that we wish to namm are these;

(1) V has the Riesz decomposition property (R.D.P.),

if whenever u,v,we V, and OLuglv+w, we can find uj,u,€ Vv
such that 0Ly € v, 0 Sup€w, and up+u,=u.

(2) V has the Riesz separation property (R.S.P.), if

whenever u,, uy W, Wy, there is a veV satisfying

W, up{ v W, Wo.
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These two properties are equivalent. In fact we have:

LEiMA 1.1,2. If V is a partially ordered vector space, then
(a)=>(b)=>(c).
(a) V is a vector lattice.

(b) V has the R.D.P.

(¢) V has the R.S.P.

A vector subspace W of a partially ordered vector space V,
is an order ideal if wew, and O € v { w imply veW, A positively
generated order ideal is termed an ideal.

An order unit for a partially ordered vector space V, is
a positive element e, such that for each v€V there is a A\ € Ry

such that Ae % v, —=\e. An apmroximate order unit is a net

{ eyt Ve r} in V4 such that:
(a) Xl 2 X2=$ ey, Y v,
(b) For each veV there is a ¥(v)e [ and a N(v)eRy

with A(v)e ¥(v) vy = Alve Y(v)*

Thirdly a weak order unit for V is an element pe V, such

that from the assumption u{v,p=>u{0, it follows that v £ O,
Examples of these three concepts abound in spaces that
occur in analysis. If JL is a compact Hausdorff space, and C(J)
is ordered by £ 0 if and only if £(w ) 0 for all “wedl, then
the constantly one function is an order unit for C(Sl). In future-

such an ordering will be termed a pointwise partial ordering,

Consider the space of all contimuous functions on a
locally compact Hausdorff space z, that vanish at infinity.
Give this space the pointwise order, then the family of all
positive functions of supremun norm at most one provides an

example of an approximate order unit.



If the space is e.g. the reals, then it is possible to
construct a positive continuous function on E vanishing at
infinity but at no point of 2. Such a function will be a weak
order unit for this space. It is easily verified that if e is
an order unit for V, then it is also a weak order unit; and that
any net constantly e is an approximate order unit.

A base for the wedge V4 in V is a convex subset B of V
such that:

(a) If vel ,a N€ Ry and beB with v = \b.
(b) I X,p € Ry\ {0} and a,beB are such that
>\a=Hb, then A = M and a =b.

An example of such a space is the vector space M(R) of
all Radon measures on a compact Hausdorff space JL, with the
usual partial ordering. The probability measures, P(Jl), form
a base for this cone.

If the order defined by V4 makes V a lattice, then
B is termed a simplex.

From now on we shall deal solely with partially ordered
Banach spaces, X, Y. We make from the start the assumption that
the positive wedge is closed, i.e. if x, » O and xp—3 x in norm
then x > 0. This will be assumed for all spaces denoted by the
symbols X and Y that occur hereafter. Note that this necessarily
means that all such spaces are Archi'nedeat;x.

Historically, the first special spaces to be considered
were the L-spaces and i-spaces studied by Kakutani in [1] and

U 21 . A Banach lattice is a lattice ordered Banach space, X,

that satisfies |x| < |y| = ||x|| < |7 |I- If also the norm
is additive on the positive core, i.e. x,y» 0 =>| x+ y|l=

“x | + “y “, then X is termed an L-space. If instead we have
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“ xvy‘” = ma.x{ “x “, “y"} whenever x,y)o then X is termed

an M-space. Kakutani proved the following representation theorems:

THEOREM 1.1.3. If X is an L-space, then there is a locally compact

Hausdorff space Z and a positive regular Borel measure e defined

on the o-field, S, of Borel subsets of > ; such that X is

isometrically order-isomorphic. to 103 l_S_,‘.a.), If X has a weak

order unit then 2 may be chosen to be compact.

THEOREM 1.1.4. If X is an M-space, there is a compact Hausdorff

space £V such that X is isometrically order-isamorphic to a

closed vector sublattice of C(JU). If X has an order unit then

we can find SU such that X is .ismetrically order-isamorphic

to all of C(JV).

Results similar to these were also obtained by Nakano
in [1], [3]), and [4]. Theorem 1.1.3 was improved by
Fullerton { 1], and Cunningham [1} has given a non order
theoretic characterisation of the spaces of type Ll(r/-). He
has also in [2] and [3] considered a similar problem for the
space C(J1), with rather less satisfactory results.

The spaces of interest to us arise from defining a norm
in terms of some of the order properties. We shall see later
that they do in fact provide us with generalisations of L-
and M-spaces. |

If we look at the space C(Jl), for JU compact Hausdorff,
then sup { |£f(w)| : we JLYC 1 if and only if ~1,¢< £<1y,
where lg denotes the function that is constantly one on SU .

This observation motivates the following:

PROPOSITION 1.1.5. Let V be an Archimedean ordered vector space,




and e an order unit for V., The expression
Ixll= e fA>0: - Negxg \e}

defines a norm on X,

Such a norm is termed an order unit norm, The second result

arises in a similar way from observation of the space M(SL).

PROPOSITION 1.1.6. Let V be a positively generated partiilly

ordered vector space for which the positive cone V4. has a base B,

If S = co(Bw ~B) is radially compact, then the expression
|| x]| = inf {)\z xe}\S}

4is a norm on V., The closed unit ball of V for this norm is S,

and V is complete if S is compact far some topology.

This norm is termed a base-norm, These two norms interact
in an extremely satisfactory manner. To see thim we need a

definition.

DEFINITION 1.1.7. If X is a partlally ordered Banach space, then
the wedge {f¢X™ ¢ f(x)»0 for all xeX,} , in the Banach

dual X¥ of X, is termed the dual wedge to X4 , and is denoted

by ¥, X will always be considered to be ordered by this
wedge, so that (x* )* = X:. . |

We also take the opportunity to define, if ® € R, , X
to be the closed ball of radius K , and centre the origin,

in X, Al8o X4 = Xan Xy 5 X5, = Xan XI.

We can now state the results that we want.

THEORM 1.1.8. If X is normed by the order unit norm induced

by the order unit e, then the base-norm on X™ induced by the

base B= {feX* : £20, f(e)=1} coincides with the usual
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norm as a dual space. Also the base B is compact for the weak™ -
topology of X*.

Conversely if X has a closed cone, and X is base-normed

by a weak™ -compact base, then the norm in X is an order unit

norm.

[ S

COROLLARY 1.1.9. Let K be a compact convex set in a locally

convex Hausdorff topological vector space, If A(K) denotes the

gpace of all continuous affine functions on K with the supremum

norm and pointwise ordering, then the set _f_f GA(K)‘K-_. : £2.0,

£f(1g) = l] , With the weak™ -topology, is affinely homeamorphic

to K,

THEOREM 1.1.10, If X is base-normed by a base B then x* is

order unit normed by the functional that is identically one on

B. Conversely if X, is closed and X™ is order unit normed, then

é is base-normed.

For various purposes, the order unit normed spaces are
not sufificient for our needs. In order to study compact simplexes
in detail, Effros in [1] and [2], and with Gleit in [1],
has studiéd simplex spaces. These are partially ordered Banach
spaces with closed cones, whose dual is an L-space. Such spaces
always have the R.D.P. As Kakutani showed that the dual of an
M-space is an L-space, it follows that each M-space is a simplex
space., Not all simplex spaces are M-spaces, and not all have
order units.

In order to provide a more intrinsic definition of a
simplex space, and to complete our duality results, we need one

more special type of space.
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PROPOSITION 1,1,11. Let V be a partially ordered vector space

with an approximate order unit, {e, :Ye F} , such that

S = gl‘ fey , ey 1is linearly bounded. Then the expression
I x|| = inf {)\ xe}\S}

defines a norm on V,

Such a norm will be termed an approximate order unit norm,

and abbreviated to a.o.u.-norm. We can now state:

THECREM 1.1.12. X is a.0.u.-normed iff x* is base-normed.

CORALLARY 1.1.13. X is a simplex space iff X is a.o.u.-normed

and has the RuD.P.

The next result shows that the circle of duality results
involving order unit-, base-, and a.o.u.-normed spaces is in

fact closed.

PROPOSITION 1,1.14. If X is a.o.u.-normed, then it is order

unit normed.

Order unit norms were first used by Grosberg and Krein,
[ 1] . Essentially, the first of our results to be proved was
Theorem 1.1.8 by Edwards [1)] and Ellis [2]). Theorem 1.1.10
is due to Ellis [ 2] and Theorem 1.1.12 and the two following
results to Ng [l] . These last results were also obtained by
Asimow, [1], in a slightly different form. It is also now possible
for us to give remresentation theorems for order unit normed andc
a.o.u.-normed spaces, but we first need some more definitions.

The term compact convex set will be taken to mean a compact

convex subset of a locally convex Hausdorff topological vector
space, ( hereafter referred to as an l.c.s. ). A face of a compact

convex set K is a convex subset F such that )\kl'f @a-\ )k2e F
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for kkpeK and 0 A < 1 together imply ik, e F, If Tk}

is a face of K, then k is termed an extreme point of K, The set

of all extreme points of K is denoted by beK.

The Krein-Milman theorem assures us that if K is such a
compact convex set then BQK #’—}5. It further tells us that K =
%6( JeK). An alternative way of stating this is to say that
each point k of K can be represented by a Borel measure [ supported
by 3K, i.e. a(k)= ‘fad,.L for any a eA(K). If K is metrizable
then Choquet's theorem tells us that we can replace S:f( by
D¢ K. In general the Bishop-de Leeuw theorem gives us a rather
unsatisfactory generalisation of this. We shall not require
these last two results, but an account of them may be found in
Alfsen [3] .

If P is a cone in an l.c.s. E, then a cap C of P is any
compact convex subset of P such that P\ C is convex. If further

P=}_:" rC then C is a universal cap. We shall also term C a universal

cap if it is affinely homeomorphic to a universal cap of some

cone. A ray of the cone P is a set {)\r tAe R.,.} for some reP,
If for any two rays of P, Ry and Ry, such that Ry+R,=R it
follows that Ry,=R,=R, thenR is sn extremal ray. The set of all
extremal rays of P will be denoted by 9, P. IfC is a universal
cap of P then the extremal rays of P are precisely the sets

{ Ar : Ne R+} for r a non-zero extreme point of C, We use

this remark to Justify letting 0¢.C denote the set of all

non-zero extreme points of C.

PROPOSITION 1,1.15. Any order unit normed space A is isometrically

order isomorphic to the space of all continuous affine functions,

A(K), on the weak™ -compact convex set K= {ch* 2 £20, || £]| = 1},

Any a.o.u.-normed space A is isometrically order isomorphic
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to the space of all contimuous affine functions vanishing at O,

AQ(C)) on the weak’™ -compact cap C = ffe A% £330, "f” < 1}

of A*’ . g

Given a compact convex set, K, and an extreme point k,
of K, it is natural to ask whether or not K is affinely homeomorphic
to a universal cap, with ko corresponding to the origin. One
characterisation is clearly that the space of all contimous
affine functions on K that vanish at k, be a.o.u.-normed.
Another is given by Asimow in [3] . If the set is a simplex,
then any extreme point has this ptoperty, so that the simplex
spaces of Effros are simply the spaces, A,(C), of all contimuous
affine functions vanishing at some extreme point of some compact
simplex C., In particular we note that if A is a simplex space
then {fGA" : £20, [ £]1€ 1} is a weak™ —compact simplex.

Before we leave these special spaces, we state some results
on bounded linear operators between certain of them., The most

general of these that we require is the following:

PROPOSITION 1,1.16. Let C be a universal cap, X a Banach space,

and T a bounded linear operator from X into AO(C). Then there

is an affine map ¥ of C into x* , vanishing at the origin and

continuous for the weak™ -topology of x* s such that

L&) ()= (rk)x) (xe X,keC)

_(2) HT“ = sup {'"‘1"1{" =_keC:l
| _Goxiversely if such a ‘T i3 given, then (1) defines a bounded

linear operator from X to A_(C) with norm defined by (2). T is

compact iff ‘* is continuous for the nom topology of E*.

If X is partially ordered'by a closed cone, then T2 0

iff w0,

Proof. All of this, except for the last remark, is proved
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(essentially) in Dunford and Sciwartz,[ 1] . For this last remark
simply observe:
| TY0& Tx»0 (Wx>0)
< (Tx)k)20 (¥x»0,VWkeC)
— (Kx)20 (¥x>0,%¥keC)
& tk20 (¥ k)
— 20,

Specialising slightly we obtain:

COROLLARY 1.1.17. If A (C;) and A,(C,) are a.0.u.-normed spaces

then T:A (C;)—>A,(Cy) is positive and of norm at most 1 iff

T (Co) Cp. Also T:A(K))—> A(K,) is positive and Tl =1
iff ‘1“(1(2) c 1(1

When dealing with order unit normed spaces A) and Ap,
the extreme points of the convex set .A(LL,AZ) of positive
linear operators which preserve the distinguished orddr unit

are of interest. These we term extreme positive operators. One

case in which these operators are campletely characterised is the
following due to A. and C, Ionescu-Tulces, [l] » Phelps {l] ’
and Ellis [1] .

THEOREM 1,1.18. Let X and Y be compact Hausdorff spaces. Then

the following are equivalent:

(a) T is an extreme point of A(C(X);C(Y)),

(b) T is an algebra homomorphism.

(¢c) T is a lattice homomorphism,.
(d) T(Y)<X.

(We use here the identification of X with the extreme
%
points of the base P(X) of C(X)] .)
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This result has been extended slightly by Lazar [ l:\ .

THEOREM 1,1.19, Let K be a campact simplex, ¥ a compact metric

space'.’ Then the following are equivalent:
(a) T is an extreme point of A (C(N),A(K)),

(v) T(fv g) is the supremum of Tf and Tg in A(K).
(¢) T (DK,

Results similar in nature to these, characterising extreme
- points of certain convex sets of linear operators may be found
in Blumenthal, Lindenstrauss and Phelps [1] ; Bonsall, |
Lindenstrauss and Phelps ‘_l‘] } and Morris and Phelps Y_l_l .
Related results for sets of linear functionals may be found
in Buck [11 and Hayes \:1] .
If K and K, are simplexes and Te A (A(K)),A(K,)) then
Jellett, [(3], has defined T to be an R-homomorphism if whenever
a,be A(Ky), feA(K,) and Ta, TbSf, there exists ce A(K))

such that a,b{c and Tc{ f. These he characterised by:

THEQREM 1.1.20. Let K;,K, be compact simplexes and TGA(A(K]_),A(KZ)},

then the following are equivalent:

(a) T is an R-homomorphism.
(b) ' (¥.K,)cd A

Note that these do not exhaust the extreme points of
A (a(K;),A(K,)), see Jellett [37], even if A(K,) is replaced by
C(R), see Lazar [1].
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1.2, Normality and positive generation.

Given a Banach space with a (closed) wedge, there are two
properties of the wedge in which we are interested. These are,
very roughly, .whether or not the wedge is wide enough or narrow
enough to be of use, In fact what we want is Athat the space be
positively generated, and that there be a neighbourhood base of
the origin consisting of sets that contain all order-intervals
with end points in the set.

The first of these properties actually implies rather more,
that the space is boundedly generated. I.e. that there is a constant
M such that X, < X, ,— X, . We shall see that these two properties
are mutually dual, i.e. X has one property if and only if X* has
the other. This result can be made rather exact, but first we need
some more definitions.

The wedge X4 in X is C-generating if for all xeX there

are xt,x” € X, with x=xt= x~ and || x¥|| 4 ||x” ”g C “x “.
X4 is C-normal if xyg z implies "y“$ C max ‘,{ “x“ ’ " z “} .
X, is normal if there is a neighbourhood base { U } of the origin
of X such that x, zeUy and x{y <2z imply yeU,.

It is easily seen that X4 is normal if and only if it is
C-normal for some C, and is then certainly a cone. It is generating
if and only if it is C-generating for some C. The basic theorem

is the following:

THEOREM 1,2.1, Let C be a real constant. Then:

(a) X, is C-normal iff X’ is C—generating.
t {52

(b) Xy is (C+ £ )-generating for all € » O iff Xt

is C-normal.

The first part of this was originally proved by Grosberg
and Krein in 1] , and the second by E1lis [2]. The original
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mroofs of both of these used properties of the special spaces
congidered in the last section. A short proof not depending on
these has been given by Ng, [A] .

There are various other related properties in use., One
of the most important is the following due to Asimow-

X is (X ,n)-directed if given xy,x5,...,x € X, there is

xe Xy with X3 Xq,Xpy...,X,. X is approximately (ot ,n)-directed

if it is (% + € ,n)-directed for all € > 0. X is (et ,n)-additive

if %) %550 005% € X, implies Z" %0 € =l =l

[

THECREM 1,2.2, Let & be a positive real number and n a positive

integer.
(a) X is (ot ,n)-additive iff X* is (« ,n)-directed.

(b) X is approximately (o ,n)—directed iff X™ is

(A ,n)~-additive.

The second part of this was proved by Asimow in [ 3] . Ng,
in [2], gives an alternative proof, and states the first part
without proof. A proof in a slightly more general context is
contained in Chapter 2,

We now define X to be K —directed if it is (ot ,n)-directed

for all n, and approximately o ~directed if it is approximately

( ,n)-directed for all n. If X is (,n)-additive for all n we
term it X -additive.
These conditions are obviously very restrictiwe. An immediate

consequence of Theorem 1,2.2"is the following:

COROLLARY 1,2,3, If A is a positive real, then:

(a) X 48 < —additive iff X* is o —directed.

(b) X is approximately < -directed iff X™is o -additive,

¥We shall later want to know when the unit ball of X is



16
order bounded. This is clearly so if X is base-normed. In general

we have:

PROPOSITION 1.2.4. The unit ball in X” is order bounded iff X is

K —additive for some o< ,

Proof. Clearly if || x ||= « and x,» x for all x¢ X7, then

X* is x~-directed, and hence X is «-additive. Conversely if X

is o -additive, then X" is oc-directed so that the family

{ulx) : |xlig l} , where U(x) = {y P yx, ||y”<oc} , has the
finite intersection property. As the cone in X is weak ¥-closed,

the sets U(x) are weak*-compact. It follows that [\{U(x) : || x|l 1}
+ $. But if x_ belongs to this intersection, then x L %x for all

x eXf‘ s 80 that Xf" is order bounded as stated.

CORQGLLARY 1,2,5, If X is o —additive and positively generated, then

X has an equivalent norm under which it is base-normed.

Proof. Let e be an upper bound for the unit ball of x™, As X is
positively generated, X% is normal, so that

< {x: e>,x>,-e} < Xt (for some C»1)
Thus X* has an order unit norm equivalent to the given norm, The -

subdual norm on X will be a base-norm equivalent to that given.
There are some more properties of interest:

THEOREM 1,2.6. Let «>1, then the following are equivalent:

(a) If xe X and ||x|{<1, there is y>x, O with || y|I<x.

(b) £, geX" and 0K f< g imply ||fll€ o || &]l-

This is due to Ng T 2] . A dual result will be given in
Chapter 2. He also proved the following result there, and again

a dual result may be found in Chapter 2.
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THEGREM 1.2.7, Let ¢ > 1, then the following are equivalent:

(a) If xe X and [x]|< 1, there is y)x, —x with | yll<ex.

(b) £, geX” and -ggf(g tmply ||£]| < < |lg]f-

Both of these properties were first used by Davies in [1]
and [2], for the case « =1, The general duality of these pairs

for K= 1 was separated and proved under weaker assumptions by
Ng [5].

1.3. Order properties.

The first result thatwe want deals with the duality of the
order properties in the case when X, is normal and generating .

To be precise we havei

THEQREM 1,3.,1. Let X be a partially ordered Banach space with a

closed,normal and generating cone. Then the following are equivalent:

(a) X has the R.D.P.

(b) X* has the R.DiP.

(e) Yl is a vector lattice.,

(d) x* s a camplete vector lattice.

Proof. The equivalence of (a), (b) and (c) was proved by AndS, [1] .
An alternative proof may be found in Ng, [6] . (d) follows from
(¢) by a straight forward compactness argument, or immediately from

(a) as in the proof of Theorem 2.4.1.

The rest of this section will be devoted to the order properties
of same of the special spaces that we have defined. Firstly we

consider the spaces A(K), for K a compact convex set.

PROPOSITION 1.3.2, A compact convex set K is a simplex if and only
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A compact simplex K is a Bauer simplex if JeK is closed.

THEOREM 1,3.3. If K is a compact convex set then the following

are eqﬁivalent:

(a) K is a Bauer simplex.

(b) A(K) is a lattice.

(¢c) A(K) is isometrically order isamorphic to C( d.K),

(d) K is affinely homeomorphic to P( D.K), with the

weak * —topology as the dual of C(dK).

We can infer some results on the order stucture of A(K) fram .

purely Banach space considerations.

PROPOSITION 1.3.4. If K is a compact simplex and A(K) is a dual

Bagnach space, then there is a compact hyperstonian space SV such

that A(K) is isometrically order isamorphic to C(SL),

In particular A(K) is a complete vector lattice.

Proof, The intersection of A(K); with the unit ball of A(K)
is the order interval [0, 1,1 = ()1 + (1;)[-—1K ’ 1K-]
(1, + B &K, ,

and hence is weak™ —closed. Then A(K)4 1is weak ¥~closed by the. -

Krein-Smulian theorem. It follows that the subdual of A(K) can

be ordered by a closed cone in such a way that the ordering on

A(K) is the dual ordering. Then Theorem 1.3.1 tells us that A(K)

is a lattice, so is a space C(J&) for SU compact Hausdorff.

Dixmier's paper,[ 1], then tells us that JL is hyperstonian,
The last comment is direct from Theorem 1,3.1, or from

the fact that a hygperstonian space is Stonian and Theorem 1. 3.5.‘
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It is of great interest to know something about the order
complei;eness of the lattice of continmuous functions on topological
spaces,

A topological space is extremally disconnected if the closure

of every open set is open. A compact extremally disconnected space

is called Stonian. A topological space is quasi-extremally

disconnected if the closure of every open F.~ is open.

THEOREH 1.3.5. Let JL be a topological space, and C(JL) the ordered

vector space of all continuous functions on SU.

If Sl is extremally disconnected then C(S1) is order complete;

and if SU is quasi-extremally disconnected then C(Sl) is 9~ —complete.

Conversely if JU is completely regular and C(Sl) complete , then

Sl _is extremally disconnectedg and if St is normal and C(JSL)

o~ —complete, then JL is quasi-extremally disconnected.

In particular if SU is a compact Hausdorff space, then C(JU)

is complete iff JU is Stonian,

This result is due to Nakano, (2] . For various purposes
we need to know more about functions defined on compact simplexes.
The main theorem in the subject is the following due to Edwardsy -

[2] . An order theoretic proof may be found in Ellis {h] .

THEQREM 1.3.6, Let K be a compact simplex, f @ K—>L" °°;"°)

an u.s.c. con¥ex function, and g : K—> ("‘Oﬂ,w] a l.s.c.

goncave function, If £(k){ g(k) for all keK, then there is ag

heA(K) such that £f(k)$ h(k)<g(k) for all keK.

This may be regarded as a special case of the following
theorem of Lazar [2] s a short proof of which has been given by

Leger [ 1] . We first need some definitions.
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Let X, Y be topological spaces. A map §: X—2¥ 3s termed
lower semi-contimuous if for every open set UCY, the set
{ xeX: Px)nU* P} is open in X,

Let C be a convex subset of a linear space E, and F another

linear space. $: C—->2F is termed affine if for every ceC, i(c)

is a non-empty convex set, and ‘
A (o) + @=N (e )= Bhep + @-N)ey)
for all cj,c,¢ C, 0<AK 1,

THEOREM 1,3.7. Let K be a compact simplex, E a Fréchet space.

Let § : K—>2B be affine and lower semi—contimious with (k)

closed for all k €K, Then there exists a contimious affine

selection for @; i.e. a continuous affine function ¢ : K—E

with ¢ (k) € $(k) for all keK.

We would like to mention at this point the fact that
simplexes were originally of interest because they are precisely
those compact convex sets for which maximal representing measures,
in the Choquet-Bishop~de Leeuw theory, are unique. Thedr main
interest now is that most results true for gpaces of continuous
functions on a compact Hausdorff space can also be proved spaces
A(K), for K a simplex. In comparison with this case, very lithle

is known about A(K) for K a general compact convex set.

The final result that we require is:

PROPOSITION 1,3.8. Let C be a universal cap. A,(C) has the R.D.P.

if and only if C is a simplex.

There is no easy characterisation of when AO(C) is a lattice..:
We do know a little of the order properties of this space when it

is a lattice, but we defer this result until we have need of it.



Chapter II

Spaces of bounded linear operators between partially ordered

Banach spaces.

In this chapter we study spaces of bounded linear operators
be tween partially ordered Banach spaces, The first section deals
with the normality of L(X,Y), and the second with conditions
that the space be positively genarated. In the third section we
look at some special cases, and in the fourth deal with the
order structure of the space. Finally we use the opportunity
to state some psropertieé of the projective tensor mroduct X®yY

which can be deduced from the properties of these spaces of

linear operators, o avoid trivial cases we assume X, , Y+=#:{075 .

2.l. Normality.

L(X,Y) will denote the Banach space of all bounded linear
operators from X to Y, with the usual norm. This space will be
provided with the positive wedge of all those operators T such
that T(X4 )<= Y, . It is easily seen that this wedge is closed.

We can determine exactly when L(X,Y), is normal.

THECREM 2.1.1. The positive wedge in L(X,Y) is normal if and

only if X is positively generated and Y, is normal.

Proof. Suppose X is C-generated and Y, is D-normal. i-et
S,T,UeL(X,Y), ST U and that || S|, ||U}|< 1. If ||x|I< 1,
3" x7 2 0 such that x=x¥= x7, ||xt|| + ||x7]| € C. As
2=l € T2l + [T ||, we see that
Il € swp{lITx*| + || =7|| :=x*,x 0,
=1 + =< el



< Coup{[ITy] * ¥30, |I¥|lg1]
& ¢ D sup{max {||Sy]l, Iy 11} = ¥20, (7)< 1}
& comax {||s|l,[lu])}.

Hence L(X,Y), is CD-normal.

Suppose, comversely, that L(X,Y), is A-normal. Choose ye¢ Y.,
with ||yll=1. If £,g,heX™ and £<ggh, let F : x> fx)y, etc.
As FXGLH, || G]|< A max{]||F| ,IlHII’; . But || £]| = ||IFIl, ete.,
so that X3 is A-normal. It follows that X is (A + € )-generated
for all € >0,

To see that Y,is normal, let f be a non-zero, positive
bounded linear functional on X ( such exist since X4 is closed ).
Let x € Xy, ”xo“ =1 and f(x,)=1 ( if necessary using a multiple
of £ ). Suppose s<t<uwith s,t,ucy, and define S : x+—flx)s,
etc. Clearly SSTSU and ||S}| = || £ ]| Il sll etc. We now clearly

see that if L(X,Y) is A-normal, then so is Y.

We can make some comments on the constants involved from
the proof. The situation is especdally satisfactory if either
T is 1-normal, or if X is (1 +&)-generated for all £>0,

COROLLARY 2,1,2, Let Y, be 1-normal, then X is (C + )-generated

for all €>0 if and only if L(X,Y),is C-normal.

Let X be (1 +¢)-generated for all € >0, then Y, is

C-normal if and only if L(X,Y), is C-normal.

In general we cannot be so precise about the constants involved.

We can however obtain some inequalities.

PROPOSITION 2.1,3. Suppose X is (C+ % )-generated for all £>0,

Y, is D-normal, and L(X,Y), is A-normal. Suppose also that all
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these constants are the best possivle, Then CDY A7C,D,

Proof, The proof is contained in that of Theorem 2.1.1.

It does not seem possible, in general, to give an exact
statement of the relationship between the constants A,C and D
that we have here. We are hot convinced that such a simple
relationship exists betmeen the spaces.

However in all the situations in which the constants
can be calculated, we do have A = CD, But in all such situations,
the norms of the spaces X and Y interact in a very nice manner.
It seems to us that this is the reason for equality in these
cases, In general the norms of operators are difficult to
campute exactly, making the study of the normality constants
not easily performed.

We have one more result to state. It follows from
Proposition 2.1.3 that A and CD tend to infinity together, as

A> JCD , We can improve this slightly.

PROPOSITION 2,1.4, With the notation of Proposition 2.1.3,
CD>» A% % (C-2)(D-2).

Proof, By assumption, for all S O there are s,t,uc Y such
that s¢t¢u and JJtf| > (D —§) n{ax{”sn,nuu} . Cénsider
the norm of (t-s), which satisfies 0¢ t-s{u-s.
Hlt=sl] > U sli=lsll

> @ =8) max {Jl o |, 1l ull} = o]

2 @=8)2(||s ||+ [lull)=]Isl

2 (0-2-8)/2 (llsl| + ||ull)
(D-2 -%)/2 lu=sl].
Hence we can find x,ye ¥ with O¢x{y and “xl|>,(D-2—-S)/2“y”.

\
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Similarly we can find f,geX” with OSf&g and || £1| 3 -
(C-2-8)/2]|g
we easily see that OSFSG and || Fil > 2(D-2-8)(c-2~8) |G|.

|. Letting F : ur—> f(u)x and G : ur—>gluly,

We then clearly have A2 2(C~2)(D-2) as claimed.

We can also obtain some estimates of the constants involved'

in the properties defined by Asimow,

PROPOSITION 2,1,5. Let X be (o ,n)-directed, Y (B ,n)-additive

‘and D-narmal. Then L(X,Y) is (X BD,n)-additive.

Proof. Note firstly that ifye Y then [y, < [I7]| < 2 v, ,

where ||y || is the nom sup il 5:(‘3)‘ ¥ e \/\:.}

If Sy, for 1 i n,are positive operators in L(X,Y), then we have:
Thsull = Seue {lsxll + Ixl<a

Y0 supf|lsixl, : fIxl<2}

T0 sup{oup{fsx) : £e¥} ¢ |Ix]l € 1}

oD sup{ FToup {£(Syx) + £e¥] : ]|x||$1}

ol D sup{z Iisixl‘ o flx|l $l’5

«Booue{ [|Zsx]| ¢ [lxli<2]

o«pD|Z8.

NN CIN N IN

i

Even if we take Y, to be l-normal, we camot assert that

this result is the best pessible.

CORQLLARY 2,1.6. Let X be of ~directed, ¥ P -additive and D-normal.

Then L(X,Y) is (o B D)-additive.

Considering the two pairs of properties used by Ng, we
still cannot obtain a mrecise result. However we can obtain the

following inequalities.
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PROPOSITION 2,1.7. Suppose that X satisfies ||x[|<{1 =>TJy>x, -x
with "y||<o< and that 3 y'> %,0 with ||y'|| C ox'; that Y
satisfies syt ) -s = ||t]| £ Bllsll and that s'3%'> 0 =>
ﬂ_t_'_u_< B' “s'“ ; and that L(X,Y) satisfies SZT % =S =

Izl < ¥lsll, and that st 3130 = ||| < v ]l

Suppose further that all these constants are the best possible,

Ihen oROY2¥' 2 'B]

Froof. To see that ¥ <X B, let LT 2 -S. If ||x|l< 1,
J yyx, ~x with || y[|<* . Then we have Sy >Tx ~Sy, so that
HTxuéo(ﬁ“ S||. Taking the supremum over ||x|[< 1, we obtain
Hr 1€« BIsll, so that ¥ < x B |

It is clear that ¥ » ¥'. Suppose 3> 0, and x,yeY
with OKxg<y and x| -‘:'(p ' S)Hy" . Simlarly there are
f,g6 X, 0Cfgg and |[£]| = ('~ 8)|lg]| . Let F : ur—sf(u)x
and G : ur—-»g(u)y so that G2 F) 0, Clearly ||F|=
(x'=8 )(B'~8)|lG]l, so that ¥'»('=$ ) B'—S) for
all § > O, Hence ¥'} ' p' as claimed.

CGROLLARY 2,1,8, With the notation of Proposition 2.1.7, if

B=1 then x =Y.

Proof, We have ¥ by this last result. We show that

-~g<f< g, with £f,ge X = £l < Y]lgll » so that Theorem 1.2.7
will 3 yield the result. Let yc Y., with f{¥]l = 1. Then

- 2@y f®y{gey, where f@y : x—s f(x)y etc. By assumption

| £ll = ll foyll < Y|l g®y|| = ¥|g||» so the result is
complete..
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2,2, Positive generation.

In this section we shall look at conditions for L(X,Y)
to be positively generated. We cannot give a complete answer
to this question, but we do provide certain conditions under
which the space is so. Firstly we leok at the necessary

conditions.

PROPOSITION 2,2,1. If L(X,Y) is (C+ € )-generated for all

€0, then X, is C-normal and Y is (C +€ )-generated for
all t> 0,

Proof. Let feYy with |[£]l=1, and x,y,z¢X with x<y(z.
Each of x®f,y®f,z ®f can be represented as bounded linear
functionals on L(X,Y), and
x®f { y®f { 2®f.
As L(X,Y)] is Cnormal,
7l = || ves]|
< € max {||xof||, ||z 05|}
= C max {|x ||, ||= I} ,
so X is C-normal.
Similarly, let xeX,_ with ||x|l =1, and £,g,he¥"
with £<gg<h, so that
x®@f { x@g { x®h.
Again we have
lell= Il xeel|
< € max {||xez]], || xen I}
= C max {||£]|,Inll} .

Thus Yf is C-normmal, and ¥ (C + € )-generated for all ¢ O,

One of the cases in which the space is known to be
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positively generated is when Y=C(Jl), SV a Stonian space. Such
a space is known to be a camplete vector lattice, so the following

theorem of Bonsall, [ 1], is of use to us.

THEQREM 2,2,2, (BONSALL) Let E be a real vector space, with E

a wedge in E, Suppose P is a sublinear functional taking values

in a complete vector lattice V, and Q a superlimear functional

defined on E; with values in V such that

W)€ Plx)  (¥xeEy).
Then there is a linear functional T from E into V_such that:

T(x) < P(x) (Nx€E)

Qlx) € T(x) (VxeEy ).

The first result we prove is the dual of a result of

Asigow [3] » which was stated without proof for Y=R, by Ng

in [2].

THECREM 2.2.3. Let JL be § Stonian space, then X is (¢ ,n)-additive

if and only if L(X,C(R)) is (ot ,n)-directed.

Proof. Let Ty,...,T, ¢+ X—>C(SL) all have norm less than or equal
to one. Let Ux)=sup{ Tl(xl)+...+'fn(xn) : i;;i:x, %2 0}
if x70. Q is well-defined, since
n n
Z_Ti(xi) < Z.HTi(xi)“ 1g
& Z“H“l&
<« |12 2a
< oflxll 1a; |
and it is clear that Q is superlinear on X4 . Furthermore if
P is the sublinear functional defined on X by mapping x to
« || x|| L , then Qx) {P(x) for all xeX, . By Theorem 2.2.2
there is S¢€ L(X,C(Jl)) such that
S(x) 2 Q(x) (WxeXy)
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S(x) € P(x) (Y xeX),
( the latter inequality ensures that S is bounded.). It is
clear from the definition of @ that S(x)2T,(x) if 1< i¢n,
end x>0, As || S|/ {ot the implication in one direction is proved.
Snp_pose, cosversely, that xy,...,% € X,. Let f,¢ x™ , with
| £l}=2, £,Ge)=|| x|} T£T, ¢ x+—>£,(x)1g , then there is
S»T; (1<1i¢n), with ||S|| <ot ., But then
|| Tyl » 5(Exy)
= 2.5(x;)
>/ZT1(X:L)
=2lxsl| 1o

So o || S xg || > 2ll=4ll » and X is (¢ ,n)-additdve.

CORGLLARY 2,2.4, Let JL be a Stonian space, then X is normal

iff L(X,C(S1)) is positively generated.

We can prove similarly results dual to those of Theorems .

1.2.6 and 1.2.7.

THEOREM 2.2.5. Let ¢ 1, &' a Stonian space. The follawing

are equivalent:

(a) x,yeX, 0<x&y = I x|l £ o("y“ .
(b) TeL(X,C(A)), ||T)|{1=>AS2T,0 with ||S]|{ .

Proof. (a)=>(b) follows again from Theorem 2.2.2, with
P(x) = « “T" “x" , and Q(x)=sup{‘1‘y : 0\<y$x} .

To prove (b)=>(a), first note that this is true if
C(SL)=R, for then if (b) holds 0¢x<y, x,ye X" =>
x|yl (by 1.2.6.). As X<X™”) and X, is closed ( so
that the original order on X coincides with the relative ordering

as a subspace of X** ), (a) is true.
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In general choose wedSl, If fe X and “ f”é 1, let
F: x> £(x)1, . By (b) 3GBF,0 with ||G|| oL, Let
g ¢+ x—>G{x)(W), then it is clear that geX , g>f,0 and
“ g||got. Thus (b) is true if C(SL) is replaced by R, so that
(a) holds.

THEOREM 2.2,6., Let *3» 1, JL a Stonian space. The following

are equivalent:

(a) x,yeX, -ygxsy=> |Ix| < «]|lvll-
(b) TeL(X,0(8L)), || Tl 1=>38YT, -T with ||s|[¢<.

Proof. Again (a)=%(b) uses Thearem 2.2.2 with P(x)= ot || T “ =]l »
and Q(x) = sup {Ty : ~x$y$x} . The proof of (b)=>(a) is
almost identical with that for the corresponding part of

Theorem 2.2.5.

One other case in which we can show that L(X,Y) is
positively generated is when either X ox-Y is finite dimensional.

The proof of this involves the following:

LEMMA 2,2.7. If X is a finite dimensional real vector space

with a closed generating cone, X, , then there exist closed,

generating cones P,P, such that FC X, <P, and P, induces

a lattice orderixgg on X,

Proof, Note firstly that as X is finite dimensional and X

is closed, X4+ must be normal. Also the interiar of X, is
non-empty so that X has an order unit. As this same argument
holds for X: » X4 has a base, B, by Theorem 1.1.10 and the
equivalence of all norms on finite dimensional spaces. Certainly

B is compact, and, if n-dimensional, we can find n+1 affinely
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independent extreme points of B.The convex hull of these points
is an n-simplex, S. If Py is the (closed) cone with base S,
then clearly P, Xy, anﬂ Pl"‘ P].: X,

To find P,, first find P, C X{ closed, generating and
inducing a lattice ordering. Now let Pr= Pl**' D X:_* =X,
( identifying X with X" ), By Theorem 1.3.1 P, induces a lattice
ordering on X, Clearly P, is closed and generating so the result

is complete.

PROPOSITION 2,2.8. If Y is positively generated and finite dimensional,

and X, is normal, then L(X ,Y) is positively generated.

Proof, If Y is given the order induced by P, then L(X,Y) with

the natural ordering is positively gererated. But if S T,0 for
this ordering, then a fortiori S2T,0 for the original ordering.

Thus L(X,Y) is ﬁositﬂvely generated as claimed.

. PROPOSITION 2.2.9, If X is finite dimensional and Y is positively
generated, then L(X,Y) is positively generated.

Proof, Consider X with the cone P, containing X. , generating
X,— X, , constructed as in Lemma 2,2,7, If T : X—>Y, let

{xi,...,xnz lie each on one extreme ray of P_, and together

2)
generate P,. As Y is positively generated there is a yi>,‘1'xi,0

for 1 {i<n. Let Sxi:y , and extend S to the whole of X —X,

i
by linearity, and thence to the whole of X in any linear manner.
Then we have Sx2Tx,0 for all xe Pz, and S is bounded since

X is finite dimensional. But certainly Sx2 Tx,0 whenever xe X,

so that L(X,Y) is positively generated.

One other situation in which the space L(X,Y) is known
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to be positively generated is when X is base-nommed and Y

order unit normed. We in fact havei

THEOREM 2,2.10, (ELLIS[37] ), If X is base-normed and Y is

order unit normed, then L(X,Y) is order unit normed.

Proof, Let e be the order unit in Y, and let E(x)=|| x|le
if xeX, . E is additive on the positive cone of X, so extends
to a linear operator from X to Y. It is clear that E is bounded
and positive. We claim that E is an order unit for L(X,Y)
defining the operator nom.
If ITIE1, then ||Tx|| & || x|l so that «||x|le<Tx <||x]|le.
In particular if x>0 we have —E(x){ Tx{E(x), so ~ESTSE,
On the other hand, Corpllary 2.1.2 tells us that L(X,Y), is
l-normal, so that its unit ball is precisely the order-interval

[ -&, E] » thus completing the proof.

We can in fact show that L(X,Y) is positively generated

in slightly more general circumstances.

THECREM 2,2,11, Let e R, suppose X is K -additive and the

unit ball of Y is order-bounded. Then L(X,Y) is positively

generated.

Proof, Let TeL(X,Y). If x>0 define q(x)=sup {Z" Tys || ¢
y; 20 and Zyiz X, n= 1,2,...} . q is well—defined, for if
y320 and Zy;=x, then
Tl < THT I w
Sl i Il
It is easily verified that q is superlinear. Putting p(x) =

oC”T || “ x|| , we can apply Theorem 2.2.2 to obtain a linear
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functional ¢ on X satisfying
‘P(x) £ p(x) (¥ xeX)
9 Y alx)  (YxeX,).
Let e be an upper bound for the unit ball in Y, Define
S : xe—>¢(x)e. It is clear that S €L(X,Y),
If x»0, then Sx=¢(x)e 2 || Tx|| e > Tx,0. Thus S>T,0

and L(X,Y) is positively generated.

What we can now show is that this result camnot be improved.

In fact we have:

PROPOSITION 2.2.12. If L(X,Y) is positively generated whenever

X is base-normed, then ¥he unit ball of Y is bounded above.

FProof, Let X=TxR, Order X by the cone with base
{ (y,1) : || ylig 1} , and give it the base-norm defined by this
base, Let T€ L(X,Y) be the natural projection of X onto Y. By
assumption there is S€ L(X,Y) with S»T,0, Consider the map
T of the unit ball of Y into Y defined by

“iYy=S(y,1).
Clearly "y>y,0 for all yeY,, Also T is affine, We claim
that 27 (0) is an upper bound for the unit ball in Y, for
if yeY, then also -yeY,, so we have:

2w (0) = w(y) +w(-y)

2 y+0

-— yo
Dually we have:

PROPOSITION 2.2.13, If L(X,Y) is positively generated whenever

Y is orddr unit normed, then X is « -additive for some o<,
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Proof. To see this, we use the fact that the map T : L(X,Y*)
— L(Y,X* ) defined by
[rD(] 0 = (B(y)
is a linear isametry of L(X,Y™) onto L(Y,X™), See e.g. Schatten

[11 . This map is also an order isomorphism since:

TI20& (wT)(y)20 (Vye¥y)
= [ (D] )20 (WyeY, ,¥xeXy)
& (Tx)(y) 20 (Nye Yo ,IxeX,)
&> Tx%0 : (Mxe X4
< T30,

Suppose now , that the nomm in X is not «(-additive
for any oC. It follows from Proposition 1.2., that the unit
ball in X* is not order-bourded. Thus there is a base-normed
space Y such that L(X,X” ) is not positively generated. That
is, L(X,Y*) is not positively generated, whilst T is order

unit normed, completing the proof.
We can summarise these last two results as follows:

THECREM 2.2.14. Let X, 4 be classes of partially ordered

Banach spaces with closed positive cones. Let €, be the class

of all those that are o -additive for some o, and 4, those

with order bounded unit balldy Suppose also that X D 2k,
and \é' 2 .‘ﬁ‘l .
(a) If X€ %,and Y& %, then L(X,Y) is positively

generated.

(b) If L(X,Y) is positiwely generated whenever X € %

and Ye ¥, then 2 = €, and Y = 9B, .

Specialising slightly we have:
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COROLLARY 2.2.15. Let €, } be classes of partially ordered

Banach spaces with closed, normal generating cones. Let ¢,

be the class of all such that are equivalent to base-normed

spaces, and ', those equivalent to order unit.normed spaces.

Suppose also that % D2, amd Y4 D Y,.

(a) If X € %, and Y & Y, then L(X,Y) is positively

generated.
(b) If L(X,Y) is positively generated whenever X € ¢
and Yé 4, then 2 =26, and Y= Y,.

We conclude the study of the positive generation of
L(X,Y) with a discussion of those spaces Y such that L(X,Y)
is positively generated whenever X _is normal. To have some
representation of the spaces involved, we limit ourselves to
spaces which are also normal. By Proposition 2.2,12 such a Y
is certainly equivalent to an order unit normed space. We
know that Y has this property if Y is either finite dimensional,
or if it 1s C(R), for L Stonian. However there are other

such spaces. To see this we use the following:

LEMMA 2,2,16. Let Y'< Y, and suppose that there is a bounded

linear map P of Y into Y' such that y20 =—> Py2y, If L(X,Y)

is positively generated for all X with normal positive cones,

then the same holds for L(X,Y').

Proof, If Te€L(X,Y'), then T can also be regarded as an element
of L(X,Y), Thus there exists S>T,0 with S €L(X,Y), If S'=PeS
then S'eL(X,Y'), Also if x20 then S'x=P[Sx| > P[Tx] > Tx
and also S'x3P[Sx]| 2P(0) =0, Thus S'>T,0, and L(X,Y) is

positively generated.
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EXAMPLE 2,2,17. Let SV be an infinite Stonian space, and let
s be a non-isolated point in Sl . Let S}, =5 U{tl v {u} ,
wheret,u ¢SL . Let U < S, be open iff U n SL is open, so that
S, 1is now Stonian. Let Y= {feC(&,) : 2f(s)=f(t)+f(u)} .
As s is not isolated, Y is not a lattice,( but does have the
R.D.P.), Define P : C(&,)—>Y as follows :
(PE)(x) = £(x)+£(t)+£(w (x e V)
£(s) +£(t) +£(w (x=8s or x=u).

Clearly P satisfiaes all the conditions of the Lemma,

and P(C{R,)) C Y, It follows that L(X,Y) is positively generated

whenever X is normal.

It seems likely that if Y is a space C(S1), with S compact
and Hausdorff, and L(X,Y) is positively generated whenever X is
normal, then JU is Stonian. We can prove this result in the case
SU metrizable, and do so below. In fact it seems probable that
if Y is separable and normal and has this property, then Y is
finite dimensional, however we have not succeeded in proving
this.

In the absense of the separability assumption, or the
assumption that Y is a lattice, the example shows that little
can be proved, at least in terms that are in current use.
Probably there is some sense in which Y is "near"” to a space
C(J1), for SV Stonian.

THEOREM 2,2,18, Let Y be separable, a lattice, and with Y,

normal, If, for all X with X4 normal, L(X,Y) is positively

generated, then Y is finite dimensional.

Proof, We know that Y is equivalent to a space C(SV), for JL
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metrizable and compact. If L is not finite, let w ¢ SU
be in the closure of SU\ {‘wg'} . Define a sequence of open
sets as follows:

Let vy 3w, with d(v,, u—o) < 1; now define U =
{'\d‘& JU: d(w,w ) <3 dlw,wv) .If < and U are defined

1l o 1 n n

choose s . ¥ s o that »d(um_l, vo) < % d(vn,w—o). Now

+l) ¢
It is easily seen that the sets Uy are non-empty, open

let Un+1 = {‘we& : d(v,wn+1)< 3 d(‘nro, Wy,

4
and disjoint. The same holds for V, = Uvu k

n=0 hm""z —l, (k=o’l’2’0-c)’

and also kg € Vk \ Vi for each k.

Let X be the vector space of all real-valued Bounded functions

defined on JL of the form

£+ 2‘2\1‘7{1‘ (point-wise comvergence),
with £e€C(5L), and Xy the characteristic function of V.
Note firstly that the decomposition of an arbitrary element
of X into this form is unique,,for if g is the function, and
g=f + i /\kxk’ then f("wo) = g( t.ro). But then )\k: limit as
v-—av:;n Vi of (g(“*")—f(“-”o)), and f = g-i)\kxk , SO
that £ and )\, are well-defined. "

From the uniqueness of this decomposition it follows
also that X is a Banach space when given the supremum norm.
Indeed, let g =f - :Zo}\; X,» and suppose ” g,~8&, || <€ -

It follows that:
(L l gn(uo) .-a.gm(‘uo)l {¢t.

(2) the limit as w—> W, with w eV, of

kO
l gn(‘u) -—gm(‘w)l is less than € .
(3) | Ap—Ap |<2¢.
and (4) || £, =1, || < 3€.
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Thus if (gn):;l is Cauchy, so are (fn):':l and (}\ﬁ):;l. If
these last two sequences have limits f and A respectively,
(inC(SL) andR ), theng=f + i,\kxk is the limit in
X of (ggp=1e e

With the point-wise partial ordering X is normal. Ve
claim that L(X,Y) is not positively generated.

Let T : f -\-2)\1(7& > f. We know that T is well-
defined, and it is cl;.;rly linear, Furthermore T is bounded.
To show this we shall show that
sup {lf(‘w')‘ 2 weV v {Vo'k'\ <

3 sup {lf(w_)-{-}\kl :wevkk v 3 |f(u°)| ,
whatever X, may be. It will follow that T]l 3.
Now we have
sup {lf(‘W)+ >\k[ twe Vk?S v lf(‘wo)' >
(3 w(£) v | 1) ],
where vk(f) = sup{f('w‘) Pwe Vk\ - inf{f(‘w) : "J'GVk«S.
On the other hand, we also have
sup {|s)|r wev i v |e(w)] €
(lew )l + v (D v | 2w
If % v (£) £ |£(w)|then
3sup §e(w)+A | rvweV v 3|e(w )| 23 ]e0w)] >
sup {|£0w)] s wreV v Pty
whilst if % v (£) > | £(wy) |, then
3sup{ | W)+ N | twenlv 3] 2wl
sup { |£()]: wevy {wodl .
In either case the result is proved.
If L(X,Y) were positively generated, there would be

S €L(X,Y) with S »T,0, We consider S1. For each n, we have

s1> s8] :_ZDXk] = Ztsxk] . .
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If weV, let fk,“r be any contimuous function on SU with
fie v (w)=1, fi v | € Vi =0, and 0 fe, s 1.(Such a function
exists by Urysohn's lemmas) We have X, > fic o2 0 and as
S2T,0 we find that
SAy 2 S,
)'L‘Tfk,v
= £ e
In particular Sxk(‘w)ZI whenever weV, ., As S¥, is contimous,
SA(wy)y 1. From (1), we then have £51)(*v)) > n+1, for all n.

Clearly this is impossible, and the result is mroven.

2.3, Special spaces.

In this section we take a brief look at spaces of linear
operators between certain of our special spaces. Most of what
is known is due to Ellis [ 3] . We present here a brief exposition
of his results, with a few minor alterations.

Because all of our special spaces are positively generated,
there can be few cases in which L(X,Y) is one of these. The
only positive result known is Theorem 2.2,19.The converse of

this result is also known.

THECREM 2,3.1, (ELLIS). If L(X,Y) is order unit normed, then

X is base-normed and Y is order unit normed.

Proof. Let B be the closed set { xeX, : || x|/ =1} . If
feX™, yeYlet (foy)(x) = f(x)y, so that || fey H=0ellltyll-
Let E be the order unit defining the norm in L(X,Y), so that
el 7Il = 1nf {A: —NE { foy (NE]
= inf{ A s — AE(x) € f£lx)y € AE(x),Vx ¢ B} .
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If beB, there is feX™ with || £]| = £(b)=1, If ye¥
and ||y || =1, then we obtain?
inf { A =NE(x) € £dy {NE(x),Vxe B} =1,
thus as Y4 is closed,
- E(b) € y < E(b),
sof, = [~E(b) , E®)] . If b'e B, then ||E(b")|[ < 1 so
E(b') € E(b), By symetry E(b) = E(b')= de Y, . Thus e is
an order unit for Y.
Ifye [-e,e], and £ X with || £]|=1, then
—-e £ £y e
for all xeB, so
17 = lizer
= inf {>\ : ~delf(x)ygAe,Vxe B}
<1
Ie. Yy = { -e, e} , 80 ¥ has the order unit norm defined
by e.
Now Proposition 2.1.2 tells us that X is (1 + ¢ )-generated
for all € > 0, and the second part of the proof of Theorem 2.2.3
tells us that the norm is additive on X 4+ . Hence X is base-

normed.

Although Corollary 2.2.1; tells us that if X is base-
r;ormed and Y is a.o.u.-normed, then L(X,Y) is not necessarily
a.o.u.-normed, we might ask if the converse is true. That it

is we sée from:

THEQREM 2,3.2, If L(X,Y) is a.0.u.-nommed, then X is base-normed

~and Y is a.o0.u.=-normed.

x
Proof. Let xeX,, with || x| =1, and £,,65¢€ Y, . x®f, can




L0
be interpreted as a positive linear functional on L(X,Y), As
L(X,Y)* is base-nomed,

el + 1%l = i <@g [+ | xe5, |
= “ x®(fi,+ fz) H
S EREAE
As L(X,Y) is l-normal, the proof of Theorem 2.1.1 tells us that
so also is Y, We thence see that I is i-generated, so that
Y™ is base-normed and Y a.o.u.-normed.
Similarly the norm on X4 is additive, and Proposition
2.1.3 tells us that X is (1+ € )-generated for all ¢ > O,

Hence X is base-normed.

It is also known that if X is ordser unit normed and
Y base-normed, then L(X,Y) is not necessarily positively
generated, and even if it is, it is not necessarily base-normed.
In fact unless the unit ball in Y is order-bounded we can
always find an order unit normed X such that L(X,Y) is not

positively generated.

PROPOSITION 2,3,3, If L(X,Y) is positively generated whenever

X is order unit normed, then I is order-bounded.

Proof, Let E={ (Y,), with the natural partial ordering, and
let X=£xR, Define (x,t)), 0 if and only if JyeE, such that
1'c+ ty2 0 and t+20, Then clearly X, N E=E,, and also (0,1)
is an order unit for X. Let || ” o, be the order unit norm
on X, On the subspace E the norm satisfies
H “0 < H “1 <2 ” "o'
Let e, denote the element of E which is 1 at Y e Y,

and O for all other co-ordinates. Define T €L(X,Y) by
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T(ey ,00=7%
T(0,1) € Y, (arbitrary)
and extend to the whole of X by linearity. T is bounded, for if
I (x,8) ]| €1, then (1 +£)(0,1) » (x,8) » (1 +£)(0,-1), for
all € O, Hence 1% t % ~1, so that [[(0,4)]| <1. Tren also,
10|, € [+ (|0,
32
so that ||x||; £ b. Hence '
I26e0ll < 1760 + lI0,011 < 5.
If L(X,Y) were positively generated, there would be
S eL(X,Y) with S»T,0, We claim that S(0,1) would be an upper
bound for the unit ball of Y, In fact if xe¢E with ||x|| 1,
then (0,1) > (x,0). Putting x= ey we see that
5(0,x) 2 S(ey ,0)
7 T(ey ,0)
=%,
for every Ye Y, as claimed.

In this case we can tell exactly when L(X,Y) can be

base-normed,

THEOREM 2,3,4, (ELLIS), If L(X,Y) is base-normed, then X is

a.o.u.-normed and Y is base-normed. If further the norm—defining

base in L(X)Y) is closed for the strong operator topology,

then X is order unit normed.

Proof, Proposition 2.2.1 tells us that X, is l-normal, and
Y is (1+¢ )-generated for all € DO,
If £1,f,¢X}, and ye Y, with [|y|l=1, then fy®y

have interpretations as positive elements of L(X,Y), As L(X,Y)



is base-normed, the norm is additive on the positive cone.
Hence
Nl + 0l = |l vl + || or||

= [l (g + t)ey||

= || f1+ £ ]-
Combining this with X being (1 +¢ )-generated for all £ O,we..
see that X* 1is base-normed, so X is a.o,u.-normed by Thearem 1.1.12,

A similar argument shows that the norm is additive on

Y;, so that Y is base-normed as claimed.
, The last remark follows from the fact that the base B =
{ fexi 3 H f||=l} is weak*-canpa.ct if the corresponding
base B of L(X,Y) is strong operator closed. In fact if (£, )
is a net in B, then it certainly has a subnet (£, ) convergent
to same point of Xr , f,8ay. Let beY, , with ||bf|=1, and
then (£, ®b) is a net in B converging to f®b in the strong
operator topology. Hence f®b ¢ B , so that f€ B and hence
B is weak™ -compact. Now Theorem 1.1.8 tells us that X is

order unit normed.

2.4. Order structure.

In this section we shall restict ourselves to the case

when X and Y, are normal and generating.

PROPOSITION 2.4.1. Let X,Y be partially ordered Banach spaces

with closed, normal and generating cones. Then the following

are equivalent:

(a) L(X,Y) is conditionally complete.

(b) X has the R.D.P. and Y is a complete vector lattice.




43
Proof. (b)=>(a) : Suppose {Tx P XE A} is a subset of

©w
L(X,Y) and that each Tu§ T €L(X,Y). Let xeX,, and x =7 %

R=1t

with xkeX ; then we have

n

?_Txlxk S ET K = To%s
=t
for any o( € A, Thus the supremum of the set

{ZTK x-Zxk,xex+, « €A, n=1,2,3...1.
e
exists in Y, Denote this by Sx. As X has the R.D.P. it follows
by a standard argument that the map S : x +—>Sx is additive
on the positive cone of X, Tus8 can be extended to a linear
operator fram X to Y. It is clear that S» T, , and that if
U is any linear operator from X to Y with U%T, , then U%S,
It remains to show that S€L(X,Y),

Now (T =T, )x » (T =S)x 2 0 if x%0, As X is C-generating
for some C, we can write each xeX, with ||x]| €1, as x¥— x~

with x* ,x” € X, and ||x¥]|| + || x™||<C. We then have:

-x~ ¢ x¢{x*
so that

—(T-8)x~ § (T -8)x £ (T -Sk*.
But also we have, ’

(T, 8)x™ < (T,-Ty ™,
so that

(T =Tu )x” € (T =S)x L (T =T, )x™*
As Y is D-normal for some D, we see that
“ (To.s)x “ € D max {”(To—T“ )x H ’ ”(TO_T"‘ )x+"}
$OD [T =T} -
Hence To"SGL(X,Y)- But TOGL(X,Y) by assumption, so S €L(X,Y),
(a)=>(b) : As Y is assumed to be positively generated,
it will suffice to show that Y is conditionally complete. Let

g be a non-zero bounded positive linear functional on X, with
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g(xo)z 1, for x € Xy, and ”xon =1, Let (si)i <] be a family
in Y, bounded above by m. Define Si Poxe— g(x)si, with M
defined similarly. If x%0, then (M'Si)x = (m-s,)glx) » 0,
so that M 2 8., Let T be the supremum of (5;); ¢1 in L(X,¥),
which exists by assumption. As T2S5;, we have Tx, 2 Siyx, = sj.
On the other hand, if t%s,, defining T' : x r—>g(x)t, we have
Tt 54, Thus t = T'xo 2 Txo. L.e. Txo is the supremum of
(sg)ye1.

To prove that X has the R.D.P., note firstly that
L(X,Y) has the R-D,P. Let f be a non-gero, bounded positive
linear functional on Y, with f(y,) = H¥ol] =1 for yo e¥y .
1f g,hym,n with all these elements of x™* , define _
G: x»—)g(x)yo, etc. Then G,HYMN and all belong to L(X,Y),
Thus 3L €L(X,Y) with G,H>L2M N, Composing with f we see
that

' g,h> f°Lym,n

and clearly foLeX™, It follows that X™ has the R.D.P.,

and hence by Theorem 1;3.1 so has X,

If we limit Y so that L(X,Y) is positively generated,

then we can obtain the following:®

COROLLARY 2.4,2, Let SL be a Stonian space, and X a partially

ordered Banach space with a closed, normal and generating cone.

Then the following are equivalenti

(a) L(X,C(51)) is a complete vector lattice.

(b) X has the R.D.P.

It would be of interest to know when, for example,
L(X,Y) has the R.D.P. It ig easily seen that both X and Y
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will have to have the R.D.P, However in general there appears to

be no obvious means of proving the implication in the reverse
direction. In the case when X is finite dimensional, the following
results are easily seen to hold, but we can prove no more

general result.

PROPOSITION 2.4,.3. Let X,Y be partially ordered Banach spaces

‘with closed,normal and generating cones, and suppose that

X is a finite dimensional lattice. Then we have the following:

(a) L(X,Y) is a lattice iff Y is a lattice.

(b) L(X,Y) had the R.D.P. 1ff Y has the R.D.P.

2.5. Projective tensor mroducts.

We follow the notation of Schatten [1]. If X and Y are
Banach spaces, XOY will denote their algebraic tensor product. We
shall consider only the greatest cross-norm ¥, If XOY jis
represented in the usual manner as equivalence: classes of
expressions ixicpyi, then

_ ~ " ~
”ixiQyi I, = ine{ 3 ||=4]ll 3} ||w: 2 xj @y} 1s
equivalent to zxi ®yi'§ .
with this norm we write the space as X O, and X ®;Y denotes
its completion.

It is known that (X @)™ is linearly isometric to
L(x,Y*), If TeL(X,Y™) then the associated linear functional
on X @Y maps ixiw ¥y to i(Txi)yi‘ It is easily seen that
T is positive if and only if it is positive on all such finite
>expressions for x3¢ X, , vy © Y... . Accordingly we define the

positive wedge in X ®\Y to be the closure of the set
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{ om0y f xpeds, e .} .
With this ordering L(X,Y*) is isometrically order-
isamorphic to (x W)* . We are thus able to deduce properties
of X®,Y from our results for spaces of bounded linear operators,

and the general duality results.

FROPOSITION 2,5,1., X®¢Y is positively generated if and only

if both X and Y are positively generated.

X @Y is positively generated < (X&p )} 1is normal.
< L(X,Y™), is normal.
<X, is generating and Y; normal.

<X, and Y, are generating.

In general, of course, (X &,Y), is not normal, even if
both X, and Y, are both normal. However translating Proposition
2.,2.8 we obtain:

PROPOSITION 2,5.2. If X is finite dimensional and Y4 is normal,

then (X®yY), is normal.

We can also obtain:

PROPOSITION 2,5,3, If X4 is normal and Y is base-normed with

the R.D.P., then (X ®&Y),_ is normal.

Proof. By Theorem 1.1.10 ¥* is order unit normed, and by Theorem
1.3.1 it is a complete vector lattice. Now Theorem 2.2., translates

to give this result.

The final case in which we can conclude that the cone in

the tensor product is normal is the following, which follows from
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Theorem 2.2.11 and Proposition 1.2.4.

PROPOSITION 2,5.4, If there exist constants e and B such that

X is o -additive and Y is P -additive, then (X®,Y), is normal,

We can also obtain some results involving the special
types of spaces that we have considered. The first of these
is closely related to the last result. It follows from a

retranslation of Theorems 2.2,10 and 2.3.1.

PROFOSITION 2,5.5. X®,Y is base-normed if and only if both

X and Y are base-normed.

The other results that we have are not so camplete,
consisting of implications in one direction only. Both of them
are deduced from Theorem 2.3.4 , together with the symmetry of

the tensor mroduct.

PROPOSITION 2.5.6. If (X ®,Y) is a.0.u.-normed then so are

both X and Y,

PROPOSITION 2,5,7. If (X®yY) is order unit normed, then so

are both X and Y.

Proof. The base of L(X,Y*) is compact for the weak™ -topology
as the dual of X@X, and hence certainly closed. The base is
then certainly closed for the (stronger) strong operator
topology of L(X,Y*), so the last part of Theorem 2.3.4 may

be invoked.

If (X®Y); is nomal, and both X, and Y4 are normal
and generating, then we can say something about the order

properties of the tensor product. We have in fact:
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PROPOSITION 2,5.8, If (X ®KY)+ is normal and generatimg, then

the following are equivalent:
(a) X @ has the RID.P.

(b) Both X and Y have the R.D.P.

Proof. Both Xy and Y4 must be normal and generating for
(X®Y), to be so. Then Theorem 1.3.1 tells us that (a) is
equivalent to L(X,Y*) being & gomplete vector lattice. By
Proposition 2.4.1 this is equivalent to X having the R.D.P.
and Y™ being a complete vector lattice. Now again invoking
Theorem 1.3.1 shows us that this is equivalent to both X and

Y having the R.D.P.
As a special case we havet:

PROPOSITION 2,5,9, Let Y be base-normed and have the R.D.P.,

and X 4 normal and generating, Then X has the R.D.P. if and

only if X ® has the R.D.P.

If X and Y are Banach spaces, and zfiayie y o) Y,

then the formula

X tr=> z.fi(X)yi

defines an element of L(X,Y), This correspondence is a continuous
map from X QY into L(X,Y), As L(X,Y) is camplete, this can

be extended tb a map of X @Y into L(X,Y), The élements of

the image of K™ ®yY under this map are termed the nuclear
operators from X to Y. Let N(X,Y) denote this subspace of

L(X,Y), We can invoke Theorem 2.1.1 to give us immediately:

PROPOSITION 25,10, N(X,Y), is normal if and only if X is

positively generated and Y, is normalL.A




L9
We can also obtain:

PROPOSITION 2,5,11. N(X,Y) is positively genesrated if and only

if X4 is normal and Y is positively generated.

Proof, If ifieyie (x* Oy Y), , then we may assume that each
=

f4 and y; are positive. If xeX,, then 3 fi(x)y; is positive.
Now if ve(X*®gY).._ , then v is a 1imit of such terms, so
that the associated nuclear operator is positive, (as Y, is
closed).

Now let T€N(X,Y), so that T arises from an element
v of X™ ®4Y, As both X™ and Y are positively generated, so
is X* @y¥, and hence v=v¥— v~ , with v¥ ,v" & (X* Ry n, .
By the remarks in the last paragraph, the nuclear operators
associated with v*, and v~ are positive and give the desired
decamposition.

The converse follows as in the proof of Proposition 2:2.1.

Ordered tensor products have been studied by Ellis [3] ’
and Peressini and Sherbert [ 1] . Tensor products of campact
convex sets have been dealt with by Davies and Vincent-Smith [1] ,

Lazar [3] , and Namioka and Phelps [1] .
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Chapter 111

Spaces of compact linear operators between partially ordered

Banach spaces.

We devote ourselves in this chapter to a study of spaces
- of compact linear operators between partially ordered Banach
spaces. In order to obtain results it is necessary too make
some drastic limitation on the spaces involved. In view of
Lindenstrauss's results, [ 1] » it would seem desirable that

the dual of the range space be an L ('J.) space. We therefore
take the range to be a simplex space in all that follows. The
first section will deal with conditions for the space to have
a normal cone, be positively generated, or to have some special
form. In the second section we look at the order structure of

the spaces involved.

3.1. Normality, positive generation, and special spaces.

K(X,Y) will denote the Banach space of all compact
linear operators from X to Y, with the supremum norm, and
ordering inherited from L(X,Y). As a simplex space is l-normal,

we obtain immediately from Corollary 2.1.2i

PROFOSITION 3,1.1. Let Y be a simplex space. X is (C+ ¢ )-generating

for all £ > O if and only if K(X,Y) is C-normal.

From Corollary 2.1.8 we similarly obtain:

FROPOSITION 3,1.2. Let Y be a simplex space, and = 1, Then

the following are equivalent:
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(a) If xeX, ||x||<1, there is yHx, -x with ||y} < .
(b) If S,T€K(X,Y) with ~STKS, then ||T|| L <]|S]|.

We wish to know when K(X,Y) is positively generated. As
long as Y is a simplex space we can obtain a precise result.
However, even in this situation, we know nothing of the constants

involved.

THEQREM 3,1,3. Let Y be a simplex space, and X a partially

ordered Banach space with a closed cone. X is normal if and only

if K(X,Y) is positively generated.

Proof. By Froposition 1.1.16, it will suffice to prove that
AO(K,X*) is positively generated, where K is the simplex
{ feYy Hellg 1} ,and X is positively generated. ( AO(K,E)
denoting the space of all continuous affine functions from
K into the Banach space E, which vanish at zero, having the
supremun norm, and natural partial order. )
Ifr e Ao(x,x* ), let
D) = {xex* : x)ﬂ(k),O} if k+0,
= {o] if k=0,
Since X* 1is positively generated, $(k) ¥ @. It is clear
that ®(k) is closed, and convex. We show that § is lower
 semi—continuous and affine, so that Theorem 1, 3.7 will'ensure
that there is an affine selection ¢ of $. It is clear that
this ¢ satisfies ¢ > 7,0, thus completing the proof.
Suppose x e@(k),x' € @(k'), then x> T(k),0 and
x' > 1r(k'),0, It will immediately faklow that |
Ax+ (1 =Nx' 3 wlhk + @ -N\)k'),0,
If Ak +(1~MNk'=+0, this shows that
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A0 + @-MBu Bk + (1 =M.

On the other hand if Ak + (1—-X)k'= O, thenk = k' = O,
(as O is an extreme point of K) so that the inclusion is trivial.
We have thus proved that @ is affine.

To prove lower semi-contimiity, it will sufifice to
prove that if C is a closed subset of X" , then the set

M= {keK : @(k)c C} ,

is a closed subset of K, Suppose O ¥ koeﬁ, and that (ky) is
a net in M converging to k,. Let x ¢ §(ko)’ so that x)T\'(ko),O.
Choose ¥ so that || T(ky )— T\'(ko)“ <§ . For some D, X™ ig
C-generated, so 4y »Ti(ky) -"Tf(ko),O with ||y||<D¢. It is
clear that x+y > T (ky),0, so we may suppose x + y € {:(k, ),
( we may omit from the net (ky ) all terms that are O, since
k,¥0, and then the result is clear.). As kye M, x+yeC, But
I (xfy)-x“ { D¢, and § was arbitrary so that xe C=C,
Hence @(ko)CC, so koeM.

If k°=-0, and (ky JCM is a net converging to O, we
can obtain a net in @(kx) converging to O, Then again we
see that @(ko) = {0} < C, so that 0=k €M, So in either case
M is closed, and the result proven.

For the converse, the proof of Proposition 2.2.1 may

be repeated.

If we desire to look at the general case, we can give

a result that is partly analogous to Proposition 2.2.12.

PROPOSITION 3.1.4. K(X,Y) is positvely generated whanever X

is base-normed, if and only if each relatively campact subset

of Y is order-bounded.
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Proof. If X is base-normed, with base B, let T € K(X,Y), It
follows that T(B) is a relatively compact subset of Y. Hence so
also is co( {0} v T(B)). Let e be an upper bound for this
latter set. Let fe X , flg=1, and define S eK(X,Y) by
S : x+—sf(x)e. Clearly if beB, Sb3Tb, O, But if xc X, , then
x=Ab for some A0, and beB, Thus we see that S > T, O,
It is clear that S is compact, so K(X,Y) is positively generated
as claimed.

To prove the converse, suppose L is a relatively compact
subset of Y, and let N be the compact convex set @(Lv —L), An
upper bound for N will also be an upper bound for L, Let M be
the direct sum of the affine span of N, and the reals. The
set Nx {1} forms the base of a cone in this space. If the
space is given the corresponding base-norm, it will be camplete
and the positive cone closed., Define T ¢ K(i,Y) by T(n,1)= n
if n € N, and extend by linearity. If S € K(M,Y) with S 2 T, O,
the argument used in Proposition 2.2.12 now shows that there is

an upper bound in Y for N, and hence for L.

Exactly what spaces have this property, that relatively
compact sets are order-bounded, we do not know. Combining
Proposition 3.1.4 with Theorem 3.1.3 shows us that all simplex
spaces have this property. If we knew that for all spaces with
normal, generating cones, X* had this property if and only if
X were equivalent to a base-normed space, then we could produce
a result analogous to Corollary 2.2.15. In particular this
would be true if the spaces involved ( for X, normal and
gererating ) were precisely the spaces that are equivalent

to an a.o.u.-normed space. Although this conjecture is tempting,
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we must admit that we have no real justification for making
it.
The proofs of Theorems 2.2.10 and 2.3.1 are equally

valid here, so we can state:

THECREM 3,1.5. Let X,Y be arbitrary partially ordered Banach

spaces with closed cones. Then K(X,Y) is order unit normed

if and only if X is base-mormed and Y is order unit normed.

Unlike the case when we were dealing with bounded

orerators, we can extend this result.

THECREM 3,1,6. Let X be a partially ordered Banach space with

a closed cone, and Y a simplex space. Then K(X,Y) is

a.o.u.~-normed if and only if X is base-normed.

Proof, By Proposition 3.1.1, K(X,Y)+ is l-normal; so to

prove that K(X,Y) is a.o.u.-normed it will certainly suffice

to frove that the closed unit ball of K(X,Y) is upward directed.
Again we use Propo#ition 1.1.16 to identify K(X,Y) with

AKX ) where K = §£eX™ : £30, || £]| 41} with the weak™-
topology.

Let ¢,y ¢ A (K,X*); 191l » 1V € 1. Theorem 1.1.10
tells us that X* is order unit normed, so can be identified
with A(M) for some compact convex set M, Let p be the real-valued
function defined on K by p(k)=1 (if k$¥0), p(0)=0, It is
readily verifed that p is lower semi-continuous and concave.

Now define f : K—>R as follows:
f(k) = sup {[\f(k)l (m) : meM}.
Clearly ~1¢ £f(k)€1, and £(0)=0.
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It is also true that f is convex, since

f(k+k') = sup § [p (krk')] (m) ¢ mem]
= swp {[(pW] @+ [p&)] (@ : men}
< sup {[‘f (k)] (m) : mei‘l} +

Swp {['f(k')] (m) : meME
£(k) + £(k").

We can also prove that f is lower semi-continuous.
Consiedr the set {k : £f(k)<ot] , we shall see that this is
open. If £k, )= o —2¢, thén there is a weak " neighbourhood
U of k, such that ”\f?(k)— \P(ko)||<£ whenever k¢ U, (as
¢ is continuous), We then have:

£(0) = sup { [(0] (m) ¢ men]

sup { [\p(ko)l (m) : mei"i} + “ \P(k) -‘f(ko) n
£k ) + ¢

7NN CIN

L= -

It follows that {k : f(k)< &} 1is open, and f is upper
semi-contimious. Define g similarly, with \Ir replacing ¢ , and
let h=fvg (point-wise supreurum)'. Clearly h is upper semi-
continuous and convex. By Theorem 1.3.6, we see that there
exists a continuous affine function q on K, satisfying
h¢agp. Now define T : K—>X™, by m(k) = q(k)1y. We
certainly have || || € 1, and (k) ¢ (i), ¥ (k) for all k€K,
Also T(0)=0, since p(0)=h(0) = O, Thus the implication

in one direction is proved.

To prove the converse, note that Propositiéon 3.1.1 tells
us that X is (1+ ¢ )-generated for all € >0, It will suffice to
prove that the norm on X, is additive. But if xy,x,eX , and
£e¢Y¥, with ||£]|=1, then x; ®f are bounded, positive linear

functionals on K(X,Y), of nom | %]l - As K(X,Y) is a.0.u.-normed,
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K(X,Y)* is base-normed by Theorem 1.1.12. It follows that the
norm is additive on the positive cone of K(X,Y)* ; SO we have:
121+ %0l = 1%®f ] + || x|
= ” (xl+ x2) ®f ”
= “ x]_+ x2 “:

so the proof is camplete. !

3.2. Order properties.

We consider here the order properties of K(X,Y) when
X has a closed, normal and generating cone, and Y is a simplex

space, We have firstly:

THEOREM 3,2.1, Let X be a partially ordered Banach space with

a closed, normal and generating cone, and Y a simplex space.

Then K(X,Y) has the R.D.P. if and only if X has the R.D.P.

Proof. The proof in one direction is identical with that of
Theorem 2.4.1.

We again use Proposition 1.1.16 to reduce the problem
to the space AO(K,X*), and use Lazar's theorem, Theorem 1.3.7.
If ,t 3 ¢,V and all belong to A (K,X¥ ), 1et

TG = {xeX® : o), 7MY x> ¢ (10, VW] .

Any continuous affine selection for || will provide us with a
™ e AO(K,X*) which satisfies 0‘,‘1‘)“‘)*{’,‘}“ .

We must now verify that [\ satisfies all the conditions
needed for us to apply Theorem 1.3.7. It is easily seen that
T (k) is closed ( as X: is closed ), non-eypty (as X* is a

lattice ), and affine. We must show that | is lower semi-
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contimuous, i.e, if U is open in X , then { k: NAU=* 15}
is open. |
We recall that X is a lattice, and that the lattice
operations satisfy:
(avb)(x):sup{a(y)ﬁ-b(z) : y,2%0; y+z=x}
(aab)(x)= inffa(y)-t-b(z) : y,2%0; y+z=x}
for all x20, since X, is normal and generating. If X, is
in fact C-generating and D-normal, then we claim that
| ave)=(evall| € co(ffa-c|| + |lb=al]).
For we have, on the positive part of the unit ball of X:
sup {a(y) +b(z) ¢ y,2%0; Y+z=x}
£ sup{c(y)+p(y)+d(z)+q(z) 2 y,2%0;5 yrz=x1,
( where pya-c,0 with ||p||<D|la-c||; and qb-d,0 with
lal| €2l b=all ).
£ sup{c(y) +d(z) : y,2%0; y«g—z:x}) -+ sup {p(y)+q(z) :
¥,220; y+z=x}
£ sup{c(y)+d(z) P y,z230; yvz= x} + plx) + qlx)
¢ (eva)(x)+ plx)+q(x).
By symmetry we have:
| (avb)(x)= (evd)(x)] < e ||+]]a] |
< o[ llemc ]+ |15-a)] -
But then we see that:
“ (avb)-—(cvd)“ :
sup {'(avb)(x)“(c vad)(x) | : I xl< 1}

< sup ﬂ(‘avb-—cvd)(x*— x~ ) xt,x 203 Hx"||+“x":[.| < C}
$ Csup {|(avb-cvd)xt) txt 20, [|x*||$l}
< co[fla=e]l + [lv=a(].

We obtain similarly:
I Gaav)=Cen )]l & [ Na-cf + ||b-ajf] .-
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We can now show that || is lower semi-contimious, and

thus camplete the proof. Suppose k_ € {k : T (W AU+ 95'} ,
then there is an x,eU such that

o (ky), (ko) Y x4 (ko) , ¥ (k).
Ag o,', ¥ and \}' are all contimious, we can find a neighbourhood:
N(€) of k such that || o(k )~ o~(k)||< ¢ whenever keN(§),
and similar inequalities hold invelving ‘v, ¢ and V.

Let x be defined to be:

(%o + (o (k) = (ko)) & (i) = 1(k) ) vy vi-(i).,
It is clear that

o<1, () Y x v (k), Y(k)
so that xe [\(k). We find a limit for "'x — %, || » which is
equal to®

[ ot ()= aieghh 4 (110 = (i) ) v (I (i) = x, ||
= “ (e, +(o (1) =0k )) & (7 () —1(k))) v (i v YK —
%o V (k) v‘\/’(ko) Il

&£ on(]] (x_+ (o (1) = (i, )) & 7 (1) = 1k ) vig (= xv p G || + €)
< OD(CD(||x,+ (k) = (k D) A (- () = T(k ) )=x || + €+ €)
€ (0D +C2D2)+CD2 || (o~ (1) =0 (ko)) A (1) = 1 (ie,)) — 0 0|
¢ (cp+c2p?)+c2p?(cn(e + €))
¢ (D +c%R+2c303).

i

N

I

As x e U, 4$£>0 suchithat fz: ||z - x4 || < S’} Cu,
If we let €= S$/(CD+C20%+20303), then xeU whensver k eN(E ).

It follows that || is lower semi-—contimuous as stated.

We now look at conditions for K(X,Y) to be a lattice.
The result here was stated without proof by Krengel in [1] .
We first need the following lemma., Note now that if A (K) is

a lattice, then the lattice operations are point-wise operations



59

on 9K,

LEMMA 3.2.2, Let Y be an a.o.u.-normed lattice, ( i.e, an

M-space ) and C a relatively compact subset of Y. Then sup (C)

exists in Y, and the set
C! ={sup (A) t A CC} s

is relatively campact.

Proof. Let {ex the /\} be an approximate order unit for
Y which defines the norm in Y, We may, since Y is a lattice,
assume that “le 1 if and only if 3 Ae \ with ex>2> vy ~e .
Choose a sequence { kai < C such that for each n, HNn
with
Ne

¢ < Js(x,1/n),
( where 5(a,r) is the open ball of centre a and radjus r ).
Let y, = sup {xl,...,xn} . Given £ 0, choose n with (1/n)< €.
Suppose that p2N,, and 1{q{p, then there exists j with
1 j¢N and xqes(xj,l/n). Then, far same A(q) € \,

xq < Jc'j + (1/ne )\(q)

< y}’jn + (1/nde A(q)’

It follows that

Yg € Yp € Ty + (]/n)er
where rx), )\(q) for 1{q¢p. It follows that (yk) is a Cauchy
sequence in Y, so converges to some yeY, As (yk) is increasing,
and the positive cone in Y is closed, y=sup {yy] ..

If xeC and €50, then there is nj such that ” X = Xn, ” £¢ .

Then we have:

X

%ot €2\ (¢)

Yoyt € ae)
Y+ £¢ AE)?

IN NN
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( for some A(€)e N\, ILe.x{y+ te Letting ¢ —>0,

and noting that Y4 is closed, we see that y)\;j. )Henoe y is an
upper bound for C, On the other hand, if z is any other upper
bound for C, then z 3, ¥ - Hence z  sup {ykl =y, so that

y = sup (C), Note here that from the proof, y is the point-wise
. supremum of C on K,

To prove the second part, let €50, (1/n)< € and A
the class of all finite subsets of {1,...,N }. If A<cC,
choose {k(l),...,k(r)} € A so that:

(a) ¥x eA,3 Xie( 3) ,(1€3¢<r), with xe S(xk(j),]/n).
(b) S(xk(j),l/n) NA¥ ¢ for 1<j<r.
It follows that for 1< j<r, 3 A(j) with
x + (1/nde , for some x €A,

b'q £
k(3) ~ A(J)
But A is relatively compact, so sup (A) exists, and we have

x. A) ) .
xk(;j) £ sup ( + (1/n e)\(j)
We then have:
sup {xk(j) : sjgr} £ sw (A)‘+ (]/n)er,~ (1)

1

(where Mm% A(3), for 1¢jgr). If xeA, J j with1<j<r and
e‘i ( ,j f"'wch:,thaﬁ

x < Xy t (1/n)ev(j) ( by (a)).
Then

x < suwp x5y + 1€3¢r) + (Wnde g o
( where ¥(x) 2 »(3), for 1< j<r ). Now:

sup (A) € sup {xk(j) : lstr} + (Wnly, (2)
since the supremum of A is tke paintwise supremm on 0.K.

Cambining (1) and (2), we see that

llsup (&) — sup {5y + 1<5r}|| € Vn<e.
Thus the finite set {sup ij : jeot} :deA} is an § -net
covering {sup (A) : A€ C} , which implies the desired result.
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THEOREM 3,2.3, Let X be a partially ordered Banach space with

a closed,normal and generating cone, and Y a simplex space.

Then the following are equivalentt

(a) K(X,Y) is a lattice.

(b) X has the R.D.P. and Y is a lattice.

Proof. (a)=>(b) is proved in the same manner as the same
implication in Theorem 2.4.1.
(b)=(a): Suppose T €K(X,Y), Let
Sy:sup{Tx= y>,x>/0} (if y > 0),
which exists since T is compact, X, #s normal, and by Lemma 3.2.2,
As X has the R.D.P. S is additive on X4, so extends to a
linear operatan fram X to Y, It is clear that S is the supremum
of T and 0 in L(X,Y), We need now only show that S is compact.
But
X, < {sup{'&c‘ y>/x>/0} PyeX ’
is relatively compact by Lemma 3.2.2, Hence
Xy Coo (SX5, v —5X;, )
is relatively compact, so that S is compact. Hence K(X;Y) is

a lattice.

Even if X has the R.D.P. and Y is an order unit normed
complete vector lattice, K(X,Y) need not be a complete vector

lattice, since we have the following:

EXMIPLE 3,24, Let Ty € K({, , {,) be deftmed to be the restriction-
of the natural injection to the first i co-ordinates. The

family { Tj} :.:1 of compact opera£0r3 is bounded above by

the compact linear operator S mapping (xn) to the sequence

that is constantly i(xn). If L\ZTi existed, we claim that

n=,
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it would be the point-wise supremum. If U >’Ti (i=1,2,...)
and (Ux), ¥ sup{(Tix)n : i:l,Z,...l =x, , then U may be
replaced by the compact linear operator U', where

(U'x), =(Ux), 4ifm$n,
=X if m =n,
n (==
Then U 2 U! >’Ti’ so that U is not the supremum of {Ti.)} {=1°
oo
I.e. if \/ T, existed it would be the natural injection of
=i
2, into o, which is certainly not compact. Hence K( £, ’ o)

cannot be a complete vector lattice,
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Chapter IV

Injectivity and projectivity.

We discuss here some applications of category theory
in our context. In the first section we give a brief account
of the concepts involved in defining injectivity, projectivity
and anti-isomorphism. The second section deals with various
categories of interest to us. We determine injective objects
in some categories of partially ordered Banach spaces, and

projective objects in some categories of compact convex sets.

L.1l. Categories.

The account that we give here will follow closely that
given by Semadeni in [ 2].
A category consists of: .
(1) a class U°, whose elements are called objects,
(2) a class U, whose elements are called morphisms,

and (3) a law of composition.

These also satisfy the following axioms:

(4) U is the union of disjoint sets <A,BD , (one
for each ordered pair of objects (A,B)),

(5) The law of composition assigns to each pair
(ot ,B) with oe<A,B>, Pe<B,C) a morphism ¥e<A,C>
called the composition of o and P and denoted by ¥ = Pt

or feok . This law satisfies the following conditions:

ASSOCIATIVITY : If oe {A,BY, Pe<B,C) and ¥e{C,D),
then Y (Pt ) = (YBI.
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EXISTENCE OF IDENTITIZS : Far each object A, there is (e <AAD,

called the identity on A, such that ot{, =o, ( AP =B for
a1l BeU®, of € A,B) and Be {B,A>.

If we are dealing with more than one category, and confusion
is likely to arise otherwise, we shall write (A,B>U for a
tsrpical set of morphisms. This subscript will be omitted in
general, If e < A,B)> then we call A the domain of o& and

B its codomain, or range.

Although the definition of a category is mainly in
terms of morphisms, we shall name specific categories by both
objects and morphisms. E.,g. " the category of compact Hausdorff
spaces and continuous maps " will be taken to mean the category
in which the objects are compact Hausdorff spaces, the morphisms
are continuous maps between them, and the law of composition
is the usual one. In many cases the specification of the morphisms
may be omitted, but we shall not do this, as in the next
section we shall on several oceasions deal with categories
with the same objects but different morphisms.
A category U is a subcategory of a category V if the
following conditions are satisfied:
(1) 1°<=vO,
() U<y,
(3) <A,B>y €<ABD,, for each pair (A,B) in UOxUO,
(4) 1f ote <AB>y, P edB,C> then their compositions
in U and V coincide,
(5) 1f AeU°, the V-identity on A belongs to U ( and
is equal to the U-identity on A ),

A subcategory U of V is full if <A,B>U = <A,B>v
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for any A,BeU°,
A category U is concrete if there is a transformation O

mapping U° to the class of all sets » satisfying:

(1) for each A,B€U°, the elements of <A,B are
triples (o ,A,B) where o¢ is a map from OA to [IB;

(2) the U-composition of the maps oL : A—>B,
P ¢ B—>C coincides with the ordinary composition of
& : DA—>0B and PB: OB—>0C,
All the categories that we shall deal with will be concrete.

If U is any category, then the dual category U~ is

defined as follows:

(1) (U*)° = uo,

(2) Ir A,B€U° then <A,B)> x = <B,A> .

(3) I < € CA,BY %, BeB,CO %, then the
I}*-composition Bwot is the U-composition & P.
U™ is obviously a category, and the i&entities of U™ are the
same as those of U, This is purely a formal construction, and ‘
a more useful definition will be made later.

A morphism °C€<A,B>U is a U-isomorphism ( or shortly

an isomorphism ) if and only if there is a morphism Bel B,A> U
such that of = (, and Bt =g, Such a B is uniquely
determined by ol , and is termed the inverse of oL , and is denoted
by o' . If ttere is an isomorphism of A onto B then A and

B are termed isomorphic.

A morphism oL in U is a retraction ( coretraction )

if and only if there exists a morphism ﬁ in U such that
«B( PBot ) is an identity. If « P 1s an identity, then B
is also called a selection far &K, An object B is a retract
of an object A if there exists a retraction ol : A—>B.
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A morphism Yf is monic or a monomrphism if for any
morphisms o and B, Yok = XE:: o(=ﬁ; ¥ is epic
or an epimorphism if for all morphisms o and B,

&Y = BY = «=pB-

A generator in U is an object G such that if «,f are any
two morphisms in {A,B), and ol =k P , then there is a morphism
¥ €<G,A) such that &} F+ B Y . Dually G is a cogenerator
if for each pair of morphisms &, & {A,BY with == B,
there is a morphism ¥e < B,G> such that ¥oL = ¥ B.

A vasic direct ( codirect ) object is a cogenerator

( generator ) D satisfying the following conditions:

(1) if G is any cogenerator ( generator ) , then
D is a retract of G. |

(2) if a cogenerator ( generator ) G is a retmact
of D, then D and G are isemorphic.

A basic direct ( codirect ) object will be abhreviated
to b.d.o. ( b.ed.o. ). If either a t.d.o. or a b.cd.o. exists,
then they are unique up to isamorphism,

If U is a category with a b.d.o. D ( b.cd.o. F ), then

a submorphism ( supermorphism ) is a morphism o € <A ,B> such

that for each morphism Be€<A,D) there &4s a ¥ € <B,D> such
that Yot = B , ( for each morphism Be {F,D) there is a
¥ ¢ {F,A> such that Y = ﬁ ). If there is a submorphism
& e <A,BD> then A is termed a subobject of B,

We are now in a position to define the notions that

we really want. An object M is injective ( projective ) if

for every submorphism (supermorphism ) € ¢ {A,BY> ( TWedB,A> )
and for ewvery morphism °(G<A,M> (e (i“I,A> ) there is
a morphism Be<B,M)> ( BedM,BD> ) such that Be = o
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( ‘ﬂp:ol.).

Informally, what we have done is to consider the diagrams:

/B 73
N I\
/ /

V- .
Me—— A M ———4

Firstly we define a simplest non-trivial M, and then find
those B such that for each ol there is a ¥ with o« = ¥ B
( &= BY ). Then for such B we find all M with this
moperty. These M are the objects of interest.

If U is a category with a b.d.o. D ( b.cd.o. F ), and

A€U°, an envelope ( coenvelope ) of A is a submorphism o-e<A,B

( a supermorphism We<{B,A) ) such that if HeU® and Bed B,HD
( Pe<H,B> ) is any U-morphism such that Bo" is a submorphism
( TP is a supermorphism ), then B is a submorphiim

( supermorphism ). An injective envelope ( projective coenvelope )

is an envelope ( coenvelope ) such that B is injective
( projective ). If either of these exists, thenm it is unique
up to isamorphism.

For a typical example of these notions, we may considar the
category of compact Hausdorff spaces and contimious maps. The basic
codirect object is a one point space, and a supermorphism
is any morphism that is onto. Gleason [1], has shown that
a space is projective if and only if it &s extremally disconnected .
He has also shown that every object has a projective coenvelope.

Let U and V be categories. A covariant functor from

U to V consists of two transformations, ( both denoted by the

same symbol ) ; the object transformation § : U0 — VO

assigning to each object A in U an object $(A) in V° ; and
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and a morphism transformation assigning to each oce< A,B)U
a morphism ﬁ(t’i) € <§(A), §(B)>V’ These transformations

are subject to the two conditions:

(1) ir Aet® then B(L)) = Lg(y)

(2) 1f e L A,B>; and B € <B,CVy then
® (pat) = $(g) Pl

A contravariant functor‘ from U to V consists of a similar

object transformation § : U —=V°, and a morphism transformation
assigning to each ot € {A,BD | a morphism P(ct)E€ <§(A),§(B)>V,
that is subject to:

(1') if AeUO then & L) = L3(a)

(2') 1f e <A,BYysand B€<B,CHy then
O(p) = H)P(B).

Two categories U and V are isomorphic ( anti-isomorphic )

if there exists a (1,1) covariant ( contravariant ) functor
from U onto V. Note that U is anti-isomorphic to V if and
only if U is isomorphic to the dusl V* of V,
Results that involve only knowledge of the category,
as such, can be inferred for a category isomorphic to one
for which they are known, as can the dual result for a category

anti-isomorphic to one in which the result is known.

4.2, Injective and projective objects.

We look firstly at a very general category. The objects
will be all partially ordered Banach spaces with closed,normal
and generating cones, and the morphisms will be bounded positive
linear operators.

Firstly, we recall the following theorem, 2.2.4 of
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Peressini [1].

THEOREM 4,2.1. If X,Y,Z belong to this category, and Z is a

complete vector lattice, with S€ {X,2)>, Te {X,Y), then

there is a morphism U€{Y,Z) such that S=UT if and only if

the set {Sx ¢ Tx £ y for some y¢ Yl} is bounded above in Z,

PROPOSITION 4,2,2, This category has a b. d.o., namely the -

real line with the usual order.

Proof, R is a cogenerator, since {XRy= X: generates x* s
which separates the points of X, hence so does <X,R> ., Any
retract of R is either R or {0}, and clearly {ol is not
a cogenerator.

We must now show that B is a retract of any X in the
category, and then R will certainly be a b. d.o. Choose x €X4 ,
with ||x||=1, and define o € {R,X> by *(r) = rx, But using
Theorem 4.2.1 we can extend the map Po of o« (R) into R , that
maps rx into r, to a merphism P& <X,R>. This is because
if rx  y and ||y]|€ 1, then either rx £ O or else 0<rxsy.
As X is normal the set {r : 0\<1‘:x$y} is bounded abowe, and
the extension can be done. As Foc is clearly the identity

on R, R is a retract of X.

A submorphism of X into Y will be any morphism, T, in
< X, such that {5x : Tx{y for some ye Yl'} is bounded
above for any S € {X,R>, Clearly T must be a homeomorphism
and bipositive, I.e. finding out what a subobject of Y is,
may be reduced to finding out for what closed, positively
generated subspaces X of Y, do all positive linear functionals

on X extend to positive linear functionals on the whole of Y.
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Some characterisations of such subspaces have been given by
Riedl [ 1], and by Fakhoury [2]. However we do not need to
know any further characterisation of a subobject in order to

determine the injecive spaces in this category.

THEOREM J.2.3. In the category of partially ordered Banach

spaces with closed, normal and generating cones, and bounded

positive linear operators between them, the injective objects

are the finite dimensional lattices.

Proof. It is easily seen that the finite dimensional lattices
are injective. Indeeci suppose X is a subobject of Y and that

S e {X,2) where Z may be identified with C(F), for F a finite
set. As ¢ °S€ {X,R) for each feF, ( where ( ‘é,f‘S)(x) =
(8x)(£)) and X is a subobject of Y, the set {( EeoS)(x) : x£y
for same erl} is bounded above, by Theorem 4.2.1. As F is
finite, the set {(Sx) : x{y for some erll must also be
bounded in C(F)=Z, Thus S extends to the whole of Y, and Z

is indeed injective.

We must now show that an injective space is a finite
dimensional lattice. Suppose Z is injective. Let Y = € ,o(27, ),
and let ] be the constantly one function in Y, Let I be the
natural injection of Z into Y, We claim that I is a submorphism,
for if £€2Y , f=og with geZ), , « %0, Now the map
o x ( evaluation at g ) extends £ to the whole of Y,

As Z is injective, there is T€ {Y,Z) such that
Tel is the identity on %, Firstly note that Tl is an order
unit for Z, For if z €Z then Iz € P [—1,1] for some BeR,,

Then z =T(Iz) € P[_"Tl , T1] as claimed. Secondly, suppose
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{ 25} s a family in Z, bounded above by z,. It follows that
{ Iz} 1s a family in Y that is bounded sbove by Iz_, and so
has a supremum ¢. We claim that Tc is the supremum in 2 of
f z.‘} 3 for Te 2 M(Izy ) = 3y, and if y3zy then Iy ) Izy
so that Iy ) c. But then y = T(Iy) ) Tc, so that Tc is the
supremum, as claimed.

We have established that Z is equivalent to a space
C(SL) for SL Stonian. Now we make use of an example given by
Fakhoury [ 2], of a space Y in this category, together with
a subobject X of it, such that there is a sequence of elements
£ € XL, with the property that any extension I, of £ to
an element of Y_: will have norm at least 2", This certainly
implies that the set {fn(x) ! x{y for some yelll attains
2,

Now suppose SU is infinite. Let U; be an open and closed
subset of SL which is not empty and has infinite complement, ( if
this is not possible then SU is finite ). Now define a sequence
(U,) of apen and closed sets, by requiring U,4+1 to be a subset
of Jl\}J;Ui and that .S).\:QZUi be infinite. We now define
S ¢LX,0(R)D> as follows:

(Sx)(w) = fn(x)/n if weU,,
o
=0 if \\..r¢ g.Un,
It is easily verified that S € {X,C(R)> . However the set
{Sx } x{ y for some y € Yﬁ cannot be bounded, so C($V)
is not injective. I.e. the only injective spaces are the finite

dimensional lattices, as claimed.

For one of our subsequent results, we need the following

sophistification of the lonotone extension theorem, which



was proved by Wright in [ 1] .

THEOREM 4,,2.4, (WRIGHT), Let A(K) be an order unit normed

spacey C(A) a complete vector lattice, and B a closed subspace

of A(K) containing the constants. If T¢A(B,C(R)), then T

-
can be extended to T € A(A(K),C(UQL)) in such a way that T is

an extreme point of the set of extensions.

Proof, Let W(Bo) denote the set of positive extensions of T

to B,. We wish to show that the set of extreme points of W(A(K))
is nonempty. Let § denote the set of all pairs (T,,B,) such
B, is a subspace of A(K) containing B, and T, is an extreme
point of W(Bo). Define a partial order on t by de fining
(Tl’B}:) 4 (TZ’BZ) if and only if B, C B, and T, extends T,.
If ¢, is a chain in ¥, let By = UiBr: (U,B1) e ?o} ,
and define T on B to agree with each T' on B', As 80 is a
chain, To is well-defined; we must show that T, is an extreme
point of W(Bo). IfT =4 (Ty + Tp), then T fps = T' = } (Tq|p+ 4+T5|p1)-
As T' is extreme , T1|pt = T,|g1, so clearly Ty =T, and T, is
extreme. Now (T_,B ) is an upper bound in T for &,O. By Zorn's
lemma there is a maximal element, (t'f,g) of T o
IrB % A(K), 1et O % a ¢A(K)\ B, and let C be the subspace
of A(K) spanned by B and a. Define U : C—>C(S8L) by: }
| Ub +ha) = Tb + Not
. where o = inf {'fb : B3 >,a} . Clearly UeW(C), To see that
U is extreme, suppose U =} (U; + U,), with U; € W(C), As T is
extreme, Ui |B =T, so that both U] and Up extend T, As Uy and
U.2 are positive we must have
U,(a) € inf {To : B> b)a} =L,

Ie. 3 (Ul(a) + Uz(a))$ U(a). As we actually have equality,



U;(a) = oL, s0 that U; = U,

i
This contadicts the maximality of (T,B), so that in

fact B=A(K), and the proof is camplete.

CORQLLARY 4.2.5, With the notation of Theorem 4.2.1, if T is

an extreme point of “A(B,C(W)), then T can be extended to an

extreme point T of A(A(K),c(8)),

Proof, We claim that the set of extensions of T is a face

of A(A(K),C(0L)). For if T extends T, and T=} (T ot Tp),

then clearly both Yfl‘B and .;Ele belmng to “&(B,C(N)), But

T was extreme, s "fil g=T, and E:i extend T, Now an extreme point
of this set of extensions will be an extreme point of the set
A (a(K),c(R)).

The first result that we can use this to prove is Gleasonis
result, [ 1] , that the projective compact Hausdorff spaces are
the Stonian spaces. Note firstly that in this category the
basic(:&irect object is a singleton, so that a supermorphism
is simply a map onto. The functor C( ), assigning to each
space SL, the Banach space C(SL); and to each continuous map
T ¢ Qy—> L, the lattice homomorphism C(T) : C(JL;) —>C(WL,)
defined by:

Cmn(w) = s(nw) (£eCldy), wiedy),
is a (1,1) contravariant functor of the category of compact
Hausdorff spaces onto the category of order unit normed lattices,
with dnit-preserving lattice hamomorphisms. Hence in this
latter category, a submorphism is simply a (1,1) bipositive
morphism. I.,e. a subobject is simply a closed subspace containing
the order unit.
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THEOREM ),,2,6. In the category of érder unit normed lattices,

with order unit preserving lattice homomorphisms, the injective

spaces are precisely the complete lattices.

Proof. That only such spaces are injective follows much as
in the third paragraph of the proof of Theorem 4.2.3. To see

that these spaces are injective we use Corollary 4.2.5.

CORCLLARY 4.2,7, (GLEASQN), In the category of compact Hausdorff

spaces and continuous maps, the projective spaces are precisely

the Stonian spaces,

Proof. The mroof uses Theorem 1.1.18 to establish the duality

of the two categories, and then Theorem 1.3.5 to relate the

complete lattices with the Stonian spaces.

The next result that we wish to present is due to
Semadeni [1-1 . He considered the category of compact convex
sets and continmuous affine maps between them. Again we make
use of the anti-isamorphism of this category with another. In
this case A( ), assigning to each K the space A(K); and to
each W e< K ,K,> , the map A(T) e <A(K2),A(Kl)> , defined by:

(a(m)a)(ky) = almwig) (aeh(k), keK)
is a contravariant functor fro# this category onto the category
of order unit normed spaces and positive unit-mreserving
linear operators. We have immediately, even more easily than

the last two results:

-~ THEOREM 4.2.8, In the category of order unit normed spaces

and positive unit-preserving linear operators, the injective

spaces are precisely the complete vector lattices.




75
CORQLLARY 4.2,9, (SEMADENI). In the category of compact convex

sets and continuous affine maps, the mrojective spaces are

precisely the Bauer simplexes whoSe extreme boundary is a

Stonian space.

The next problem that we look at differs from the last
two in that we are not actually dealing with a category. We
shall in fact look at the collection of all compact convex
sets, and extreme continuous affine maps between them. Examples
by Davies in Jellett [ 3], and Lazar [ 1], show that this
is not a category, as the composition of two extreme maps
need not be extreme. However the concept of a projective object
can still be defined perfectly adequately, if a supermorphism
is simply defined to be a map that is onto. Similarly in the
collection of order unit normed spaces and extreme positive
operators, if a submorphism is defined to be a map that is
(1,1) and bipositive, injective objects can be defined.

As before we have:

THEQREM 4 ,2,10, In the collection of order unit nommed spaces

and extreme positive operators the injective spaces are precisely

the complete vector lattices.

Proof, Coollary 4.2.5 easily shows that these spaces are injective.
The converse needs slightly more care thah the previous cases.
Suppose A(K) is injective. We use the result, ( Gleason [11
Theorem 3.2 ), that every compact Hausdorff space has a projective
coenvelope, so that there is a Stonian space L, and a continuous
map T : & 228, J_K such that if noc S, 8L is closed,

and SLoF L, then W(Q,) == DeK. It follows that T~ ( Y K)
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is dense in 8L, as T (™' ( YeK)) is a closed subset of K

containing O.K, and hence is all of it.

It follows that if Tt : P(SL)—>K is the unique
continuous affine extension of T, then T is extreme. For
if ®# =3 (% 1+ T\'z), then \ﬁl—;—\ﬁz on T (.K), hence
on SL by contimuity, and thence on P(SL) by continuity and
affineness. Now A(T ) is an extreme positive operator from
A(K) gnto C(JL) which is (1,1) and bipositive, so the argument

of Theorem 4.2.3 may be repeated.

COROLLARY 4.2.11. In the collection of campact conmvex sets

and extreme continuous affine maps between them, the projective

sets are precisely those Bauer simplexes for which the extreme

boundary is a Stonian space. .

Again, ignoring the fact that these collections do not
form categories, we can define the notion of projective coenvelope
and injective envelope in the obvious manner. However we have
‘no results in this direction. If we knew that Theorem 1.1.19
held without the metrizability condition, then we could prove
the existence of projective coenvelopes in the collection of
simplexes and extreme contimious affine maps. As it is however,
this result tells us nothing.

Maps that are of rather more interest between compact
convex sets, are those that are not only contimuous and affine,
but also preserve extreme points. As we have stated before,
these are extreme, but do not exhaust the éibreme maps. It is
again easily seen that the bed.o. is a singleton, and that TV

is a supermorphism if and only if it is onto.
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THEQREM 4,2.12. In the category of compact convex sets and

extreme point preserving continuous affine maps, the projective

elements are precisely the finite dimensional simplexes.

Proof, It is easily verified that the finite dimensional
simplexes are in fact projective. The converse is proved in
four steps. Firstly we show that if K is projective, then QoK
is discrete. Secondly, if k, € 3.K, we show that f koy , the
union of all the faces of K that do not contain k_, is a closed
face. Thirdly we show that JeK is clesed, and finally that K
is a finite dimensional simplex.

Suppose that K is a projective compact convex subset of
E, and that k € VK. Define Ky to be the convex hull of the set
{ (x,, -1),(k°,1)} U KX {0} inE = ExR with the product
topology. It is easily verified that Kl is a campact convex
set. Also it is easily seen that the extreme boundary of K
is the set {(ko,l),(ko, -1)} U (K \ {ko} ) X {Ok LIf T
denotes the natural projection of K onto K, then W is extreme
point preserving, contimuous and affine. As K is projective,
there is an admisdible map  of K into K| such that Ty =1L K
Clearly if k € O.K \ {‘ko.k then \P(k) = (x,0), as (k,0) is
the only point of Kl mapped onto k by v .

If k, is an extreme point of K, and is not isolated
in QgK, then there is a net (ky ) in ’beK\ {ko’} converging
to k. As @ is continuous,

¢ (ky) = 1im ¢ (ky ) = 1im (kg ,0) =(i,,0),

which is not an extreme point of Ky, Hence ¢ is not a morphism
in this category, so there can be no non-isolated points of JeK.

Let F={k }' . Then F& &( 3K\ {k,} ), for by the
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integral form of the Krein-{{ilman Theorem, if p€F there is
a Borel probability measure [+ representing p and supported
by SC—K. If f“({ko} ) were non-zero, then p could be written
as a proper convex combination of k, and another point, which

is impossible as p belongs to a face of K not containing k_.

It follows thatpu is supported by 3K\ {k ] = ek \ {i},
so that p € 5o 9K\ {k,} ). Also this latter set does not
contain k,, as this point is isolated amongst the extreme points.
As ¢ is continuous and affine, ¢ (£) = (£,0) far each feF,
We also have Y(k,) = (k ,1) ( say ). Suppose that fj,f,&F
and (f, + £,)/2 &F, For some \>1, the point
k, + )‘((fl + fz)/z - ko) belongs to F, since K = co(F v {ko} ).
It follows that
P Gy + AW(g + £,)/2 =k ) = (k) + A(€fy + £,)/2 =k ),0).
But we also have:
Pk + AE + £)/2-%)) = @=X)y )+ (A/2)p () +
(N/2)y(f,)
= (=M + (A/2)(£; + £5),1-X)
Thus A = 1, and F is convex and hence a face.
Now suppose that F is not closed. If pef"h, then
P=oq 4+ (L=ot)k, with O € <1 and qeF, so-that we have
P(p) = g+ 1 -ak,)
= kplq) + (1 -o0) (k)
= ok(q,0) + (1 ~ot)(k ,*1)

H

= (otq 4 (1=t)k,, T(1-x)),
But pe¢F, and so p(p) = (p,0) as ¥ is continuous. Thus <=1,
and F = F,

Let k) e ¢k, then for each k € 3K, either kj=k  or
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kl c {‘ko} ' 5 by what we have just mroved. Consider the intersection
of the sets {kowx ' as k ranges over 3.K. This is a closed
face of K, If it were non-empty it would possess extreme points ’
which would also be extreme points of K since this is a face of K.
However it contains» none of these by construction, and is
therefore empty. It follows that d.K is closed.

Finally since 3,K is discrete and compact, it is a
finite set. Let K have n+1 extreme points, and let Sn be an
n-dimensional simplex, Let 70 : S, —>K be any affine map
which maps the set of extreme points of Sn onto those of K.
T is admissible and onto, and so there is an admissible map
¥ : K—>S5, such that Ty = L y. We now have

dim(aff(K)) 2> dim(af£(¢ (K))

= dim(aff(3,)) (as ¢ mst be onto)

i

n.

Hence K is an n-dimensional simplex, and the proof is complete.

COROLLARY 4.2.13. In the category of simplexes and extreme

point preserving continuous affine maps, the projective

objects are the finite dimensional simplexes.

Proof. To prove this we need only verify that the set Ky

constructed in the proof of Theorem 4.2.12 is a simplex whenever

K is. To see this we use the fact that a compact convex set

K is a simplex if and only if A(K) has the R.D.P., (Proposition

1.3.2 ). The space of continuous affine functions on KL is order
isamorphic to the space,B, of all triples (a,x',x") with ae A(K),
x',x"€R such that 2a(k,) = x' 4 x", when we define (a,x',x")>(0,0,0)
if and only if a » O and x',x" > O.

Suppose that we have



(a,x',x"), (b,y',y") 2 (0,0,0) (1)
and

(a,x' ,x") + (b,5',5") > (e,2',2") >(0,0,0),  (2)
Define (ko) = i §alRe), clho), (' 42" ),10“%1‘)}

g() = inf { alk),c(i0)] (ke k) {k.3)
and

h(k) = sup { c(k)-b(k), 03 (kek\ {k_})

hlke) = sup { clkg) bk ), 0, 3(z"=y"), Ha'-y")} .
By Theorem 1.3.6 there is c, € A(K) with h € ¢q € g. Putting
c,=¢ = c] We see that a 2 ¢;> 0, b>cy >0 and ¢] + ¢ = c;
and also that 2c,(ko) > 2"-y", 2'—y'. This, together with
(1) and (2) tells us that:
x', 201(k,), ', 2¢9(ky)+y"= 2" 20, 2¢;(k))—x", z'-y',2¢:(k,)—z""
Let 2] separate the two sides of this inequality, and define
zb = z' — 2§, z{ = 2¢)(k)— 2], and z§ = 2c (k,) — z5. It is
then clear that (ci,zi,z") € B, and that we have
(cl,zl,z LI
From the definition of zi and the definitions it is easily

")+ (cz,z z") = (c,z',2").
verified that
(a,x',x") > (cl,zl zl > (0,0,0),
(o,y',y") > (cz,zz,z ) 2(0,0,0).

Thus B has the R.D.P. and K.L is a simplex, concluding the proof.

CORQLLARY 4.2.1)4. In the category of order unit normed spaces

with the R.D.P., and R-homamorphisms, the injective spaces

are the finite dimensional ones.

j;Proo:f.‘. Theorem 1.1.20 states precisely that this category is

anti-isamorphic to that category considered in the last Corollary,
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from which the result is immediate.

We now turn to some categories of caps and continuous
affine maps between them which preserve the origin. Again
we deal with the three cases of all such maps, the extreme
ones, and the extreme point preserving maps. The first result

- we note is the following.

LEMMA 1,,2,15. In all three cases, if C is projective, and C

is embedded in AO(C)* in the usual manner, then the face

ikeC 2 L x|l= l‘k complementary to the origin, is closed,

( for the given topology = weak™ -topology ).

Proof. Let Cy be the cap colCx {1} v {(0,0)} ) in Ao(Cf’ex R,
Let v be the natural projection of Cq onto C, thren TV is

a morphism in all the cases,that we consider. As C is assumed

to be projective, there is a morphism §: C—>Cq, with

TUY = t;- We clearly have ¥ (k) = (k,1) if || k||=1. The

argunment used in Theorem 4.2.12 now gives us the result.

By 1limiting ourselves to caps which do have this property,
we see that this face must be projective for the appromriate
collection of compact convex sets. On the other hand, suppose
this face F of C is closed, and projective as a compact convex
set, Let Tr: Cr,—>Cq, Vi C—>Cy be any other two morphisms
with T onto. e can £ind ¢ F—>Cp such that T ¢ =Y |p,
which is a morphisin in the collection., We can now extend ¢
uniquely to be continuous and affine on C and preserve the
origin. We still have Wy = ‘{f , a8 required, and it is easily

verified that ¥ still has the required properties.
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We can thus state without further proof the following

three results:

COROLLARY 4.2.16. In the category of caps and continuous affine

maps preserving the origin, the projective caps are those for

which the face complementary to the origin is a ( compact )

Bauer simplex whose extreme boundary is a --3tonian space.

CORCLLARY 4.2,17. In the collection of caps and extreme

continuous affine maps preserving the origin, the projective caps

are those for which the face complementary to the origin is

a ( compact ) Bauer simplex whose extreme boundary is a

Stonian space.

COROLLARY 4,,2,18. In the category of caps and extreme point

preserving continuous affine maps that preserve the origin,

the projective caps are the finite dimensional simplexes.

The anti-isomorphic categories obtained in the usual
way have as objects a.o.u.-normed spaces. The morphisms are
positive linear operators of norm at most one. We can state

automatically from the previous results:

CORGLLARY ,,2,19. In the category of a.o.u.-normed spaces,

and all positive linear operators of norm at most one,

the injective spaces are the order unit normed complete

vector lattices.

CORCLLARY 4,2,20. In the collection of a.0.u.snormed spaces,

and extreme operators in the set of those that are positive

and of norm at most one, the injective spaces are the order unit

normed complete vector lattices,
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Chapter V
Facial topologies and related topies.

In this chapter we look briefly at facial topologies on
compact convex sets, and other ways in which the various notions
involved arise. Section one deals with the definitons and elementary
properties of facial topologies. In the second section we
generalise a theorem of Lloyd on subalgebras of A(K), and
show how parallel faces arise in a generalisation of the
Banach-Stone theorem. In the third section we show how split
faces arise in the decamposition of a space A(K) into a certain

kind of direct sum.

5,1 Facial topologies,

Historically, facial topologies were first employed by
Effros in his study of simplex spaces ( see Effros [ 1] and
[ 271, and Effros and Gleit [1] ). However we will present
the theory only for spaces A(K),

If K is a compact convex set, and F is a face of K,

then F', the complementary ¢--face of K, is the union of all

the faces of K not meeting F. If we further have that F is
closed, then K= co(Fwu F'), A proper face F of K is termed a
split face of K if F' is a face, and each point of KV (FUF')
can be uniquely expressed as a convex combination of a point

of F and one of F', The empty set, ¢ , and K are termed improper

splLit faces.

The split faces of compact convex sets are of interest

because of the following result:
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PROPOSITION 5,1,1. (ALFSEN and ANDERSEN), The collection of

closed split faces of a compact convex set K is closed under

finite convex hulls and arbitrary intersections.

As a result of this we see that the collection of all sets
FA K, for F a closed split face of K, form the closed sets
for a topology on JK, the () ~topology. It is easily verified
that this topology is compact, but not necessarily Hausdorff.
Mych of the usefulness of this topology stems from the following:

THEOREM 5,1.2, (ALFSEN and ANDERSEN), If f : Q. K—>R is

contiguous for the (\-topology, then there is a unique a € A(K)

which extends f,

The centre of a space A(K) is the vector subspace of
all a € A(K) with the property that, for each beA(K) there
is c €A(K) such that

a(kb(k) = c(k) (Vk €3¢K).

We denote this space by A(K).

THEOREM 5.1,3. (ALFSEN and ANDERSEN), Let a¢A(K), then a € A(K)

if and only if a IBQK is continuous for the Q_—topology.

If K is a simplex, then every closed face is split,
( Alfsen [ 1] ). In this case there are a number of other
characterisations of A(K), which are not valid in general.
For instance A(K) is the largest subalgebra of A(K), for the
operation of point-wise multiplication on J,K. Also A(K)
is the largest vector sublattice of A(K) containing the constants.
In order to extend this last result, the concept of facial

topologies has been further extended by Rogalski.
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A closed face F of K is termed a parallel face of K if:

(1) F' is a face;
(2) each element of K\ (FUF') can be written as
Af+(Q—=A)f" with feF, f'eF' and 0 < A\ < 1;
and (3) if an element of K\ (FUF') has two such

representations \f + (1 =A)f' and Aify + (1- )ﬂ_)fi,then A= >\l'

PROPOSITION 5.1.4. (ROGALSKI), If (Fec ) is a dowrward filtering

family of parallel faces of K, then F = QFog is a parallel

face of K,

A family J of parallel faces of K is termed topological
if it is closed for the operations of finite intersections,
finite convex hulls, and dowrward filtering intersections and

contains ¢ and K, We then have:

_ PROPOSITION 5,1.5. (ROGALSKI), If J is a topological family

of parallel faces of K, the sets F n Q.K for F € "J are the

closed sets of a compact topology on deK.

Such a topology is termed a facial topology. These

topologies share the extension property of Theorem 5.1.2,

THEOREM 5,1,6, (GOULLET de RUGY), Any facially continuous

function f extends to a unique a€A(K),

The set of all such extensions, taken over all possible
facial topologies, is termed the weak centre of A(K). We will
denote it by ’A\(K). It is of interest to note firstly that
there are facial topologies, for instance the @,-topology.
Secandly there are other such topologies. Consider,for example,
a square [1 in R, Its split faces are only ¢ and T, so that
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A(0) comprises solely the constant functions. On the other
hand any edge of the square is a parallel face, and a pair of
opposite edges together with ¢ and I constitute a topological
family. Thus A(O) consists of all continuous affine functions
on {1 which are constant on some edge. Note that this example
shows that in general A(K) need not be a vector space.

One characterisation of A(K) is the following. Another

will be given in the next section.

PROPOSITION 5,1,7. (ROGALSKI), Let K be a compact convex set,
a€A(K), The following are equivalent: -

(a) a€A(K),

(b) For any finite family of pairs of reals () ,P, ),

the supremm V()\ a+ leK) exists in A(K).

Accounts of the results in this section may be found in
Alfsen and Andersen [ 1] and [ 2], and Rogalski [ 1]. As we
stated previously, the study of facial topologies was initiated
by £ffros in a rather more general context. In [ 37] he extended
the theory even further, to those ( unordered ) real Banach
spaces whose dual is an L'(N.) -space. These spaces have been
- classified by Lindenstrauss and Wulbert [1] , and some properties
studied by Lacey and Morris [1] . Fakhoury in [1] has contimmued
the study of facial topologies in this context and has a notion

of centre for these spaces.

5.2, Subalgebras of A(K) and the Banach-Stone theorem.

Lloyd has shown, in (1] , that if K is a simplex, and

B is a subspace of A(K) that is an algebra under the operation



| 87
of pointwise mﬁltiplication on J.K, then B < A(K), He also
gives an example to show that this is not true without the
assumption that K is a simplex. ( The square in R? mentioned
earlier provides a simple example. )

We can however prove a similar result, replacingvl‘:(K)
by the space X(K), and in doing so obtain another characterisation

of this space,

THEOREM 5,.2,1. Let K be a compact convex set, and B a subspace

of A(K) which is an algebra for pointwise multiplication on

K. Then B < A(K).

Proof. Firstly we note that we may assume that B contains

the constants, ( since B + Rly < A(K) and if a,beB; A - €R,
then (a + A1) (b + 1) = (ab+ pa + Ab) + Aplg € B+Rig ),
and is closed ( since A(K) is complete ). Note also that the
algebra operations are pointwise operations on %:f{, by

. contimity of all the functions ipvolved.

Define an equivalence relation Q on 3:{( by xQy if and
only if alx) = a(y) for all aeB, Let 0.K/Q be given the
quotient topology, so that an application of the Stone-Yeijerstrass
theorem, and noting that a €B attains its maximum modulus
on VK, shows that B is nomm and order-isomorphic to c( S?(/Q).
Let Tr denote the natural projection of O¢K onto OK/Q.

The sets T (D), for D closed in 2.K/Q, form the closed sets
for a topology ] on ‘g:f(, which is easily verified to be compact
although not necessarily Hausdorff. For this topdlogy B may

be identified with C(J.K), Consider the relativisation of

this topology to OcK. We shall show that this is a facial

topology, amd as each function in B will certainly be contimous
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for this topology, we must have B cAK),

Suppose D is relatively ] —closed in 9K, so that
D=D n3K for D J -closed in m. In particutar D, is closed
for the given topology on K, We firstly show that ¢o(D) is a
face of K,

Suppose d €¢o(D), and that d is represented by a Borel
probability measure p. supported by 'S:E, ( by the integral
form of the Krein-¥ilman theorem. ). Let ke S—:E\Do. As
DK /Q is Hausdorff and Dy/Q is closed, there is a function
fe o( mﬁl) such that:

(1) fIp/q = 0,
(2) f(w(k)) =1,

and (3) 1% £ 0,

Then there is an open neighbourhood of Ti(k), U, such that
flﬁ > 3. As we can identify B with C(E_K/Q), there is an a€B
such that:

(1) a‘Do =0,

(2) BIT\"'(U) > 3,

and (3) 13 a0,

As a(d) = O ( by contimity and affineness of a ), M can
have no mass on the open set T~ (U), containing k. As k was
‘ an arbitrary point of -‘S:R\ Do’ supp('.L)C Do'

Now if d =4 (dy + dp), each d; can be represented
by a Borel probability measure M3 supported by %:K. As
3 ('{1-1- lwz) represents d, it is supported by D . Since both
r’l and Vl are poéitive, both rll and [«.2 are in fact supported
by D,, so that die&')(D). I.e. we have shown that (D) is a
face of K,

That the relative -J-topolggy is compact is now easily
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seen, Let (Qy ) be a family of ] -relatively closed subsets
of 3K, with the finite intersection property. The family
of closed faces c':'é(Dog) also has the finite intersection property,
so has a non-empty intersection, K being compact. As E = Qé‘é(D&)
is a closed face of K, and we have just shown that it is non-empty,
Qe E is non-empty. Since E is a closed face of each co(Dx ),
Vel CW(&(Dyg )) =Dy for all X . Hence () Dc DY E + P,

In particular we now know that 9.K/Q is a compact
Hausdorff space. Let I be the injection of C(deK/Q into
B<A(K), Let T' be the associated continuous affine map of
K into P(eK/Q). Tt is clear that T |3 x = T |4 g, and
that co(T' (D)) = T7'(35(D)) for D closed in DeK/Q. Also T&
is extreme point preserving. Let D be closed in DeK/Q, and
F= go(D), with F' its complementary face. It is then easily
seen that T'(F') is a face of K complementary to T ' (F), and
in fact that T ~(F) is a parallel face. Hence the topology on
JeK is easily seen to be a facial topology, and the proof is

complete,

A
CORQLLARY 5,2,2, If K is a compact convex set, then A(K) is

mrecisely the union of all subspaces of A(K) which are algebras

for point-wise multiplication on eK.

We now turn to another case in which parallel faces
arise in a natural manner.

The classical Banach-Stone theorem states that if Vg
and §L 5 are campact Hausdorff spaces, and C(Jly) is linearly
isametric to C(fl,), then Sl is homeamorphic to Jl,. This
has been extended to spaces of continuous affine functions

on simplexes by Jellett [ 1| and Lazar [3] . In this case,
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if A(K;) is linearly isametric to A(K,), then K, and K, are
affinely homeomorphic. This remains true if either Ki is known
to be a simplex, and the other is a general compact convex set.
However this is not true in general. To see this we first

need a lemma,

LEMMA 5,2,3, Let K be a compact convex set, C a closed subset

of K such that K< co(C), and E a locally convex Hausdorff
Conblinuonus

topological vector space. If a is a,function from C into E

such that there is a unique affine extension a of a to the

whole of K, then a is contimuous.

Proof, Let ®:cxcx [0,11——)Kmap (¥,2, A ) Ay + Ql—)\)z,
and ’I’ : CxC X [0,1} —> E map (y,2,\ )—> Aa(y) + (L=N)a(z).
Clearly both ® and ‘I‘ are continuous. The assumption that
a has a unique affine extension to K, &, amounts to saying
that the set ¥ ($7'(y,2,A)) is a singleton for each point
of CxCx [0,1].

Ir D is a closed subset of E, then %' (0) = @ (¥ (D))
is closed. This is because W is continuous so that ‘-E'-‘(D)
is closed in CxCx [0,1] and is hence compact. Then ® &~ (d))
is campact in K, and hence closed. Thus a is continuous as

claimed.

PROPOSITION 5.2.4. Let K be a compact convex set, and Fy and F,

disjoint, closed, complementary parallel faces of K, Let k, be

a point of the affine span of F,, and let F) be the compact

convex set {Zko—- £, f,¢€ FZ} . I£ K' = co(F; v Fi), then

K' is a compact convex set and A(K') is linearly isametric
ﬁ','

to A(K).
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Proof. It is clear that K' is a compact convex set. Define
T : A(K) —>A(K') by:

Talpl = a‘Fl

Ta(2k, — f3) = -a(fy),
and Ta is affine. This exists as F5 and F, are parallel, so
that the function defined on F)\v F; extends to an affine
function on K', which is continuous by lemma 5.2.3. Clearly
T is onto, and an isometry since each a attains its maximum

modulus on F > (¥ Fl'

If the faces F, and F, are split, then K and K' are
affinely homeomorphic. That this is not always so is seen by
considering the convex hull in R3 of a triangle with a parallel
congruent triangle. This set has 5 faces, whereas the eorresponding
set K' will have 8 faces,

What is of interest to us is that this is the only way

in which such isometries arise.

THEOREM 5,2.5, Let K,K' be compact convex sets such that A(K)

is linearly isometric to A(K'), Then there exist disjoint,

complementary, closed parallel faces of K, F, and F,, such that

for any point koe FZ’ K' is affinely homeomorphic to the set

co(Fy v (2k, = Fp)).
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Proof., We know that K and K' are affinely homeomorphic to
weak * -closed faces of the umit ball of A® (= A(K)* = A(x')™ ),
such that co(K v —K) = co(K' v —K') = A’f . It will suffice
to mrove that any two such faces of AT' are related in the
manner described.

Firstly we claim that K = co((KaK') v (Kn —K')).
If k € 9K, then keco(K' v —K') by assumption. But K is
a face of Af s 80 k is an extreme point of AT , hence ke K'v — K¢,
Thus DK € (KnK') u (K n —K'). Now the Krein-iilman theorem
assures us that K is contained in the compact convex set
co((KA K') v (K n =K')),

Let = KnK' and F,= K a =K', It is clear that
K' = co(Fy v —Fy), The claimed result will be proven when
we show that F; and F, are closed parallel faces, for then
there will be an affine map of co(F; v =F,) onto co(Fyu (2k,=F5)),
which will be continuous by Lemma 5.2.3, and is clearly (1,1).

It is clear that each F; is a closed face, We need
only show that they are parallel, Consider the function that
is identically 1 on K', On F, this is identically 1, and on
F, is identically -1, If we have an identity:

A+ (=25, = A+ - A5
with f,f] € Fl; f,f5 € Fy; and O <A, A< 1, then composing
with this function we see that:
A=@=Xx) = At =@Q@=-X").

I.e. A =M\', so that the faces are parallel.

COROLLARY 5,2.6. If either K or K' is a simplex, and A(K) is

linearly isometric to A(K'), then K and K' are affinely

homeomorphic.
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Proof., In this case Fl and F2 are automatically split, so
there is a (1,1) affine map of K = co(Fy U F,) onto colFy » = F,) =K',

which is contimious by Lemma 5.2.3.

Clearly this result still holds if it is known that

all the closed faces of either K or K' are split. This provides

a mild, although not very useful, generalisation of this Corollary.
Similar results are available if we deal with spaces

A,(C), of continuous affine functions,vanishing at the origin,

on a universal cap. Analogous to Proposition 5.2.4 we have:

PROPOSITION 5,2,7, Let C be a universal cap, and Fl’FZ closed

parallel faces of C such that C=co(F, v F,), F, n F,= {o}.

ifc= co(FlV - F2) then AO(C) is linearly isametric to AQ(C')-

Analogous to Theorem 5.2.5 we have:

THEOREM 5.2.8, Let C and C' be universal caps such that AO(C)

and AO(C') are linearly isometric. Then C and C' can be embedded

in an l.c.s, in such a way that there are closed parallel faces

Fi, F,of C with C = co(?‘lu Fz), FinF,= {0] , and such

that C'= co(F; v —=F,).

Proof. The l.c.s. is , of course, A with the weak™ -topology.
The only difference in the proof is in proving that the faces

Fl and F, are parallel faces. The function that is 1 on the

face {keC' : |[klj= 1} of C' and O at the origin is now a
bounded ( but not necessarily contimous ) affine function

on C'. The associated function onC is 1 on Fyn {keC : “k" =1‘&
and is -Lon F,n{keC : |[k||=1}. Note also that the

norm is a bounded affine function on C that is O at the origin



9%b
and 1 1 at {keC: [k|l=1}.
The face Fp = {kec : ||ku=1} is clearly the face

camplementary to F.. Suppose that we have:

Ay + (1=X)f, = N+ (-1
with £1,8] € F; £5,25 ¢ Fo n fkeC ¢ ||k||=1] ; and
0 <A, A'< 1. Applying our two affine functions, we have:

N | Q=X = N\ IE) - @@=\,

Mgl + @A) =\l + @ =-\).
Subtracting we see that A = N\'.

COROLLARY 5.2.9, Let K and K' be simplexes such that A (K)

is linearly isometric to A (K'), then there is an affine

homeomorphism of K onto K' which preserves the distinguished

extreme point.

CORGLLARY 5.2.10, Let E ’ E' be locally compact Hausdorff

spaces such that C () is lipearly isometric to Co( ¥'), then

Y and 2‘ are homeamorphic.

5.3. Direct sum decompositions,

If A is a vector space, A is termed a direct sum of
subspaces Al, A, if each a € A can be written uniquely as a

sum &) + ap With a;€A,. If A is a Banach space, then the sum

will be termed an M-direct sum if also ||ay + ap|| = max { (|ay[|, ||2, ||}
whenever a; €A, and we then write A= A) @M Ay, Similarly, |
if |lay +a2]| = ||a || + ||e2l| whenever a;e A ,then A is

termed an L-direct sum, and we write A= A, ®E A,. We shall

also abuse the language and say that A is a direct sum of Al
and A2 if A is a direct sum of subspaces that are linearly
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isometric to each Ai' It is trivially seen that if A is either
an L= or an M-direct sum of subspaces Ay and A5, then Ay and A,

are closed. The following result is easily verified.

“) * = * *
PROPOSITION 5,3.1. If A= A, Py A, then A = A7 P A, , and

— * %
if A=A @p A, then A” = A By 45 -

The result that we wish to generalise is one that was
originally due to Eilenberg, | 1) . He showed that if SU is
a compact Hausdorff space and C(&) = C) Dy C, then
SL=dqq udl, with JL 4 closed and C4 isametrically order
isomorphic to C(&L i)‘ This was extended to the space of continuous
affine functions on a simplex by Jellett [21 . In this case,
if A(K) = A Dy Ay, then there are complementary closed faces
F1,F5 of K such that A; is linearly order isomorphic and isometric
to A(F;). we will generalise this result to an arbitrary compact
convex set, where the faces involved are split. In fact we

can obtain results for the spaces AO(C).

We first prove the result in the reverse direction:

PROPOSITION 5,3,2, i‘.‘i" F,,F> be disjoint, camplementary, closed

split faces of a compact convex set K, Then A(K) = A(Fl) Dy A(F,).

Proof, As the faces are split, any function that is affine

on F; and F, can be extended to an affine function on K, By
Lemma 5.2.3 if the function is contimuous on F; and F,, then the
extension is continuous. This shows that A(K) = A(F)) & A(F ).
The relation between the norms arises because any continuous
affine function on K attains its maximum modulus on deK, and

hence on Fy v F,,
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PROPOSITION 5.3.3. Let F,, F
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be closed split faces of the cap C,

2
such that F; N F2={07, and co(Fy v Fz) =C, Then we have

8o(C) = Ao(Fy) By Ag(Fp)-

Proof. Suppose aj € A(Fj) and ap €A (Fp), As F, is a split face
it has a complementaryiface, Fy n {keC : "k“‘—'—l} . There
is an affine extension a of a; and the restriction of a, to

this complementary face. As F, is the convex hull of O and

F, n {keC : |lkll= 1} ) 8|p, = 85 Thus a extends a, and a,,

so we may apply Lemma 5.2.3 to show that a is continuous.

Our ultimate aim is to prove the converse of these last
two results, but first we prove a result on L-direct sum

decompositions of base-normed spaces.

THEOREM 5,3.4. Let £ be a base-normed Banach space, and let

E =E) @y, E,- Then each E; is an ideal in E,

Proof. Let x; €&, and suppose that 0 <y + y, £ x7. (W shall

assume that y;e E;, etc. ) Let zy + Zy= Xy = (yl + yz) >0, As
the norm is additive on the positive cone of E, we have
Tl = Jiv+ 2 11+ ffz+ 220
= vl + 1zl + |7l + il -
( the latter equality being because the sum is an L-direct sum ).
Since the sum is direct, yp+2z,=0, so that x; = y; + z. Then

we have:
|l -+ |[=]l + 220l = |j=||
= [}t =]

<+ =l

Hence, y, = 2, =0, and thus £ is an order ideal. Similarly

2
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E2 is an order ideal.
We must now show that each E; is positively generated.

Let B= {er : x20, ”x“: l} . We claim that E. n B aﬁd

1
E5 n B are complementary split faces of B. Let xe B, then

2= % + 3 with x € B, and 2= 2[x || =[x || + |l -
If either x = O then x belongs to & N B or E, N B. If neither
term is zero, then we can write

x = ( ”xi_“/z)(ni/ “x_L” ) 4 ( ”xz “/2)(:5/ “x2“ ),
with {|x;/ g )I]] =2 and ([|xy || /2) =+ |Ix]]/2) = 1. as B
1s a face of the unit ball of E, x;/||x|| € B. It is now
clear that the faces are complementary. That the faces are
split follows from the fact that the sum is direct. If Si =
co((E; n B)u =(& N B)), then it is readily seen that S;
generates all of E;, for if this were not so, S=co($, v 32)
would not generate all of £. But S contains the épen unit
ball of £, so generates the whole space. Hence each E, is

i
an ideal, as required.

CORCLLARY 5.3.5. Let S\ be a compact Hausdorff space, and M

a regular Borel measure on N, If L («-9-,!*) =L P, L,, then

SU=q, v, with SL, Borel subsets of IV, in such a way

that Li is isometrically order isomorphic to L (Jli, V'Jbi)'

FProof, As SU is compact, jr is finite so that lg € L (JL,P-).
Suppose 1y = ey 4 e, with ej€ Ly, Let JL; be a Borel subset of
such that ey is’ non-zero almost everywhere on Jl.l, and zero

almost everywhere on Jly = SL\JL,;, Then e, is zero almost
everywhere on &1, for else there is a set U of measure0 such
that Iezl>£ on U, and Ie1|>£ on U, for some £ >0. We then

have fe,|,|ex| 3 gxu},-lel‘,-lezl. As each L; is an ideal,
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i%u ELi. Hence the measure of U is zero. Now clearly e,
is 1 almost everywhere on Jl,, and e; is 1 almost everywhere
‘ —
on SL,. As Ly is an ideal, L"(Jl.i, T““’H)C‘Li‘ But L (R, q) =
' ' n \
L (Jll,lwlal) D, L (‘5“2’t"l ®,), so that L, = L (&, H‘-ﬂ"i)'

We mention here the following related problem. Given
an LP(&, j+) space and a direct sun decomposition Iy @ L, such
that the norm satisfies || &) + ap "r:. “alnr+ “32“P ,
when is there a decomposition ofJSL into Jlj, Jl, such that
L, may be identified with L (®,, | oy)? We also note that
there is no more general form of direct sum for which such a
result is likely, because of the results of Bohnenblust [ 1]

and Nakano [3] .

THEGREM 5.3.6. If A = A(K) or A (C), and A= Ay By A, then

each Ai is an ideal in A,

In particular, if A = A(K), there exist complementary

closed split faces F; and Fy of K such that A; is isometrically

order isomorphic to A(Fy), Similarly, if A =A (C), then there

exist closed split faces Fy, F, of C such that F; n F,= {0} s

co(Fy v Fp) = C and Ay = A,(Fy).

Proof. In either case A% is base-normed, and A%< Af e91_, Az*.
Suppose a3 €Ay, and aj} 0. In this case there is an fé AL such
that £(a))<O0 ( since the positive cone in A is closed ). By the
last Theorem, f = f; + f, with f;€ A; , and each £33 0. We then
have fy(a;)< 0 whilst £;%0. If & + a0, then we have:

£1(aq) + £5(a3) 2 O (N £y,£,% 0)
so that f1(ay) > O whenever f; 3 0, and fy(ay) ) 0 if £5,7 O.

It follows that aj,as ) O.
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Now if a; ) b= by + by0, then by,b, 2 0. Also, as
(al- bl) — by 0, =b, > 0, so that b, = 0. Hence A; is an
order ideal.

In particular we note that the relative ordering on A
considered as a subspace of A% , coincides with the ordering as
the dual of Aj. Also each A is weak™ ~closed, and the weak™ -
topologies on Af- considered as the dual of A; , or as a subspace
of A;— coincide. In the two cases considered, Ai’i has either a
weak™ —compact base or cap, so that A; can be identified with
AK A AT) or A(C n AT ) as the case may be. From Theorem 5.3.4
and the remarks at the beginning of this paragraph, these sets
have mrecisely the properties claimed in the stadement.:of the
theorem. 1t only remains to note that these order ideals are

positively generated to complete the proof.

We can state as immediate corollaries the special cases

of this result that were already known.

COROLLARY 5,3.7. If K is a simplex and A(K)= A} Dy A,, then

there exist complementary closed faces F; and F, of K such

that A is isometrically order isomorphic to A(Fj).

COROLLARY 5,3.8, If JL is a compact Hausdorff space, and

c(®) = Cy D, Cé, then there exist closed subsetsdly and l, of

JU such that C; is_isometrically order isomorphic to C(Jli).

We can also state the following corollary, which does

not seem to have appeared in print before.

COROLLARY 5.3.9. If 3 is a locally compact Hausdorff space

and Co(2) =C @y Gy, then there are closed subsets 2, and
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22 of 2 such that 2221\1 22 and Cj is isametrically

order isomorphic to Co(zi).

The last result that we wish to present is to show that
extreme positive operators from A(K) into C(8L) induce direct
sum decompositions of C(SL) from those of A(K), Firstly we

need a lemma:

LEMMA 5,3,10, Let SV be a compact Hausdorff svace, K a compact

convex set, and T an extreme point of A (A(K),C(L)). If ae A(K)
and b€ A(K), then T(ab) = (Ta)(Tb),

Proof, Suppose firstly that #1x € a 21k, so that also
71:1& < Ta§ Ay . Define for each beA(K),
T,(b) = (Ta)” T(ab),
To(b) = (4/3)(Tb) = (1/3)(T (b)),
It is clear that T, Tp€A(A(K),C(SL)), Moreover T=4iT, + 2T,,
so that Ty = T, =T, Hence T(b) = (Ta)™ T(ab), so that
T(ab) = (Ta)(Tb) as claimed, In general the result follows

from finding m,n%0 such that #1x & (a < mlg)/n  Ak-

THEOREM 5,3.11. Let J\ be a compact Hausdorff space, K a compact

convex set, and T an extreme point of A(A(K),C(W)), If

A(K) = A(Fl) Dy A(Fz), then C(UL) can be written as a direct
sum C(R;) @y C(R ) in such a way that T(A(F))C C(Q e

L= TlA(Fi)’ then either JL; = % or T, is an extreme point
of A(A(F,),c(8y))., |
Conversely, if A(K) = A(F}) By A(F,), C(W) = c(A9) By CR,)

(Fs%¢, and L+ @) and Ty is an extreme point ofsA(A(Fi),C(&i) ),

then the formula

(TJ_Q Tz)(al,ag) = Tyay + Thap (1)
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defines an extreme point of A(A(K),C(8L)).

Proof. Let e} denote the function that is identically one on
F; and zero on Fp, which exists by Proposition 5.3.2, and let
ep be defined similarly. It is clear that e G'I(K). By Lemma 5.3.10
we see that T(e;) = T(eia) = (Tei)z. Thus (Tey (W)= O or 1
for all wedl, As (T1)(w) = (Tey) (W) + (Te,)(w) = 1, the
sets Ly '-'—{"U : (Tei)(‘w)= l} are complementary subsets of JU,
and these are clearly closed. If a, & A(Fi)’ then there is A O
such that Xe; > a; -)\ei. We thence see that A(Tei)>Tai>/-)\(Te;),
and 1t follows that Tay| a,= Tag_!&ii 0. I.e. TajeC(dly), so that
T(A(Fi)) CC(JLi). |

It is clear that if T; is not identically zero, then T
is a point of ‘A(A(Fi)’c(&i))' Suppose T, 1is not extreme, so
that T, = % (V,+ Wz), where Vz,erA(A(EZ)";C(JLZ)). The operators
T, ® V, and T)® W,, defined by (1), belong to A (AK),C(R)). As

=T, @®T, is extreme, it follows immediately that V,= W, = T,,
so that '1'2 is extreme. Similarly 'I'l is extreme.

For the converse, it is clear that ; ® T, G-A(A(K),C(JL)).
Suppose T, @ Tyis not extreme, so that 2(T, @ T2)= V + W, where
v,ne A(A(K),C(8L)). Suppose a;&A; and a, ) O. Then we have:

2(T1a1) = Val + Wal
and if we J\,z then

0= 2(Tya )W) = Va, (W) + Wal('w’).
Since V,W3> O it follows that

Vaq (00) = Wg, (W) = 0 whenever weJdl, .
I.e. Va ,Wa € C(J,). As the positive cone of each A; is

gererating, it follows that V(A(F;)) < C(SLy) and also that
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W(A(F3) © C(dLy). If V3 = V]|p(Fy) ete., then we have:
2Ty = Vi + W;. )
But V, and W are points of «A(A(Fi),c(dli)), and the T are
extreme, so that

T, =V,= W

i i i
It is now immediate that

so that Ty ® T, is extreme.

That this result cannot be generalised by allowing
C(8L) to be replaced by A(K') for an arbitrary compact convex
set, is easily seen. Indeed, let K be the unit interval in

2, and K' the unit square in R?‘. The extension

the X-axis in R
operator, assigning to each a€A(K) the function Ta : (x,y)—> a(x),
is easily seen to be extreme., However the splitting of K

between its two endpoints does not induce an M-direct sum
decomposition of A(K'), although it does for T(A(K)), We

would conjecture that C(JL) could be replaced by A(S), for

S a compact simplex, but have no proof of this.
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